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Summary

Noninformative priors constructed for estimation purposes are usually not appropriate for
model selection and testing. The methodology of integral priors was developed to get prior distribu-
tions for Bayesian model selection when comparing two models, modifying initial improper refer-
ence priors. We propose a generalisation of this methodology to more than two models. Our ap-
proach adds an artificial copy of each model under comparison by compactifying the parametric
space and creating an ergodic Markov chain across all models that returns the integral priors as
marginals of the stationary distribution. Besides the guarantee of their existence and the lack of
paradoxes attached to estimation reference priors, an additional advantage of this methodology is
that the simulation of this Markov chain is straightforward as it only requires simulations of imag-
inary training samples for all models and from the corresponding posterior distributions. We pres-
ent some examples, including situations where other methodologies need specific adjustments or do
not produce a satisfactory answer.

Key words: Bayesian model selection; Integral priors; Markov chains; Objective Bayes factor.

1 Introduction

Noninformative (or objective) priors are essential tools for Bayesian analysis, even though
the denominations of ‘noninformative’ and ‘objective’ are often criticised as being inappropri-
ate (Gelman et al., 2013). The main motivation is in producing a reference prior distribution
that impacts as little as possible the resulting posterior distribution (Berger et al., 2024).
Further motivations range from closing the inference space as in complete class results
(Robert, 2001) to achieving better frequentist properties such as asymptotic coverage (Rousseau
et al., 2007).

The main issue with such priors is that there exists an extensive literature on the possible
choices and theories of noninformative priors. Following their formalisation by Harold Jeffreys
(Jeffreys, 1939), several propositions emerged towards a theory of such priors, with a varying
© 2026 The Author(s). International Statistical Review published by John Wiley & Sons Ltd on behalf of International Statistical Institute.
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degree of generality as reported in Kass & Wasserman (1995), Robert (2001), Rissanen (2012),
and Berger et al. (2024). The most elaborate approach to this day is the concept of
reference priors developed by the latter (see also Bernardo, 1979 and Berger &
Bernardo, 1992).

These different methods most usually yield an improper prior measure, that is, a measure
with infinite mass, which is thus determined up to a positive multiplicative constant since it can-
not be normalised into a probability distribution. Most often this feature is not a serious issue for
estimation purposes because the constant cancels in the posterior distribution. Unfortunately, in
model selection problems such as hypothesis testing where two (or more) models compete for
consideration, M;: {f;(x6;), 6; € ®;}, i =1,2, resorting to improper priors =V (6;) =
¢;hi(0;), i = 1,2, implies that the optimal Bayesian procedure, namely, the Bayes factor
(Jeftreys, 1939)

_ e[ f2(x(02)ha(6)d65
e[ £ (x|61)hi (61)d6,

szvl (x)

depends on the arbitrary ratio ¢,/c;. Several general approaches have been proposed for prior
construction in Bayesian model selection, among which Bayarri & Garcia-Donato (2008),
Bayarri et al. (2012), and Fouskakis et al. (2015). A review of reference priors for model selec-
tion can be found in Consonni et al. (2018) as well as in Berger ef al. (2024).

One of these attempts towards alleviating this issue is the methodology of intrinsic priors
(Berger & Pericchi, 1996) that exploit a (minimal) fraction of the data to update the improper
priors into proper posteriors. In short, intrinsic priors are defined as the solution
{z!(61), 7} (6>)} of a system of two functional equations. Under certain conditions, and assum-
ing that M| is nested in M, the system of functional equations reduces to a single equation with
two functional unknowns, in such a way that once an arbitrary choice is made for n{ (6), the
dual prior 7} (6,) is automatically determined. The solution {z}(6,), #(6»)} proposed by
Moreno et al. (1998) consists of choosing 7} (0,) = = (), and hence,

7 (02) = ) (02)Ey, oy (BN (2)) = [ 73 (02)2)m) (2)dz,

where z denotes an imaginary training sample, BY),(z) = m} (z)/m)(z), and mY(z) =
jf :(210,)7Y (6;)d6;, i = 1,2. See Pérez & Berger (2002) for more details. However, intrinsic
Bayes factors are often not suitable in the non-nested case, see Berger & Mortera (1999)
and Moreno (2005). Another proposal consists of using fractional priors, which are again de-
fined as the solution to a system of functional equations (see O’Hagan, 1997 and
Moreno, 1997). However, this methodology has received less attention and also faces difficul-
ties (Robert, 2001).

Pérez & Berger (2002) have proposed a novel approach under the name of expected posterior
priors distributions. This method can be applied in the general scenario where we have g > 2
models under consideration. The expected posterior priors are defined as

7 (0) = [z (O)m* (), i=1, .. q,

where m*(z) is an arbitrary predictive density, which can be improper, for the imaginary training
sample z. When M, say, is nested in the other models, Pérez & Berger (2002) propose m*(z) =
m? (z), and therefore this method applied to two nested-encompassing models produces the in-
trinsic priors introduced by Moreno ef al. (1998).
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1.1 Integral Priors

Integral priors have been introduced in Cano et al. (2008) for model selection when two
models, M;: {f;(x|6;), 6; € ©;}, i = 1,2, are under consideration. These prior distributions,
71(01) and 7, (6,), are defined as the solution of a system of integral equations, and can be con-
sidered as a generalisation of the expected posterior priors introduced in Pérez & Berger (2002).
Concretely, integral priors {7 (0;), 72(6,)} satisfy the integral equations

71 (01) = [ (01]z1)ma(z1)dz,

12(0) = [ 75 (O2]z2)m (22)dzs,

where 7V (6;) is a prior distribution for estimation (typically a noninformative prior),
7Y (6:]z) o< £,(z6:)2Y (6;), mi(z) = [f(z|6,)7:(6:)d6;, i =1,2, and z, and z, are (minimal)
imaginary training samples for 6 and 6,, respectively. When 6; or z; are discrete, the correspond-
ing integrals are replaced by sums with no loss of generality. These integral equations
balance each model with respect to the other one since the prior z;(6;) is derived from
the marginal m;(z;), and therefore from 7;(6;), j # i, as an unknown generalised expected
posterior prior.

Integral priors can be used to compare both nested and non-nested models without the need
to make this distinction, and the application of this methodology does not need to specify a pre-
dictive distribution as with the expected posterior priors approach.

Some examples where the exact form of integral priors is known are studied in Cano
et al. (2008). The simplest one is the point null hypothesis testing Hy:60 = 6% versus
H:0#0° , for which the integral priors are 7(0)) =0dp(0;) and 7(0,) =
jn’z\’ (62|2)f | (z]6")dz, respectively. A further example is the comparison of two location models,
where the priors 7;(6;) =z (0;) =1, i = 1,2, are integral priors. This extends to the
comparison of two scale and two location-scale models, the initial default priors, 7;(0;) =
V(o) = 1/0;, i = 1,2, for the former, and 7;(u;, 0;) = 7 (4;, 0;) = 1/os, i = 1,2, for the
latter, being integral priors. Further examples have been provided in Cano et al. (2008),
while significant differences between intrinsic and integral priors have been discussed in
Cano et al. (2018).

In general, closed-form solutions to the integral equations are unavailable. To deal with this
drawback we established an equivalence between the solution of the integral equations and the
convergence of two Markov chains. Specifically, Cano et al. (2008) considered Markov chains
(6)) and (&) whose o-finite invariant distributions are the integral priors.

The transition ¢, —6; of the Markov chain (#)) is the marginal of the following conditional
steps:

1. Simulate a training sample z; ~ 1 (22|6)
2. Simulate 6, ~ 7Y (6,|z>)
3. Simulate a training sample z; ~ f,(z]62)
4. Simulate 0, ~ ) (01]z1),

and the transition &,—0, of the Markov chain (#}) is obtained in a symmetric manner, with both
chains being simultaneously recurrent or transient. Therefore, the study of integral priors can be
performed considering the stochastic stability of these Markov chains, as in Cano et al. (2007a),
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4 SALMERON ET AL.

Cano et al. (2007b), Cano & Salmerén (2013), Salmeron et al. (2015), Cano &
Salmeron (2016), and Cano et al. (2018).

In some situations, the Markov chains attached to integral priors are positive recurrent, and
even sometimes positive Harris recurrent, in which case the integral priors are proper prior dis-
tributions. This implies that the Bayes factor By (x) is defined without ambiguity (Robert, 2001)
and can be estimated by the Monte Carlo estimator

_ 2> (x65)

Ba) =S 7 e

(D

associated with the above Markov chains.

In the general case, Cano & Salmerdn (2013) have proposed to consider constrained imagi-
nary training samples z when the simulation of the chains is performed, which guarantees the
existence and the uniqueness of invariant probability measures. This approach has been imple-
mented successfully in several situations, see Cano & Salmeron (2013), and Cano ef al. (2018).
However, the simulation of constrained imaginary training samples can involve high computing
time, specially when the accept-reject method is implemented. In this article, we propose a new
approach that circumvents the need to simulate constrained imaginary training samples and that
enables the methodology to be extended to comparing more than two models at once.

The plan of this paper is as follows. In Section 2, we generalise the definition of integral
priors for more than two models. In Section 3, we propose to add copies of the models under
consideration by introducing artificial compact parametric spaces, and we show that integral
priors are proper priors. Section 4 is dedicated to show how the methodology applies to the
problem of testing if the mean of a normal population is negative, zero, or positive. This mul-
tiple non-nested hypothesis testing problem has previously been studied in Berger &
Mortera (1999) assuming known variance when using both intrinsic and fractional Bayes factor.
However, as pointed out by Berger & Mortera (1999), these approaches do not correspond to
genuine Bayes factors attached to specific prior distributions, and there is no a general method-
ology that, when applied to this model selection problem, produces priors with a satisfactory
answer. In Section 5, we apply our methodology to the one way ANOVA model. Section 6 is
dedicated to the problem of testing the Poisson versus the negative binomial using integral
priors; a model selection problem where the definition of intrinsic priors presents a certain de-
gree of arbitrariness when the initial default prior for estimation is the natural choice, that is, the
Jeffreys priors. In Section 7, we show how the simulation from the integral posterior can be per-
formed. Finally, in Section 8 we present some relevant conclusions and outline incoming
research.

2 The Markov Chains Associated With Integral Priors

In this section, we extend the definition of the integral priors when comparing more than two
models, through a generalisation of the above Markov chains.

As a starter, it proves convenient to represent the simulation of the dual chains (6}) and ()
as shown in Figure 1, where each single step 6;—0;, i # j, is carried out by first simulating
z; ~ f(z;]0;), which we call an imaginary training sample of sufficient size to make 7er (6;]z))
proper, and second simulating 6; ~ 7rj’.v (0;|zj), that is, simulating from the marginal transition

(0, 0;) = [1:(510)7" (6)]z))dz;. )
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t+1
0 ot
1
6% oLt

FIGURE 1. Transition of the Markov chains for two models under comparison.

Scenario 1 Scenario 2
¢ t+1 ¢ t+1
03 0y 01 0
6% pLHt 6 [ian
¢ t+1 t t+1
0 A 05 05

FIGURE 2. Two competing scenarios to combine conditional updating steps when comparing three models.

More specifically, given an initial point (9{ €0; , we carry out the transitions
01—0,—07—03 ... obtaining two marginal (interleaved) Markov chains, (¢) and (65).

When starting with an initial point (95 € 0,, the process maintains the same stochastic
behaviour.

However, with more than two models under comparison, there exist several possibilities to
combine simulations from 7z;;(6;, 6;) in a sequence of simulation steps, towards obtaining Mar-
kov chains on each parametric space. Consider the case with three models. Figure 2 shows two
scenarios to combine single steps. It is worth noting the similarity with Gibbs sampling. How-
ever, contrary to what happens with Gibbs sampling where the chosen order in which we carry
out the simulation does not impact the stationary distribution (albeit it does impact the conver-
gence rate), in the context we are dealing with, order matters and each scenario can produce a
Markov chain on ©®; with a different stationary distribution, i = 1,2, 3. Suppose that M corre-
sponds to the point null hypothesis €, = 67 . Therein the stationary distribution 7,(6) is
m12(67, 02) under scenario 1, and jﬂ,’g,z (65, 62)m13(67, 03)d6s under scenario 2, which obviously
differ. Hence the specific way in which the single steps are combined can produce different an-
swers, with the consequent problem of defining integral priors for more than two models.

A straightforward proposal that makes this issue vanish is to randomly choose the ordering in
which the steps are performed: if we have carried out the steps 951 —>9§2—>0§3 for a given se-
quence (iy, iy, i3), then we select at random a sequence (j;, j,, j;) With the condition that
J1 # i3, and then we perform the steps 0 —0; * 1—>«9]t.2+ 1—»9;3* !, as shown in Figure 3.

This produces three Markov chains, (6/), (65) and (6} ), and leads to the following definition.

Definition The multiple-model-comparison integral priors m(6,), m2(02) and 73(05), are the o
finite invariant measures for the Markov chains (6}), (65) and (65), respectively, when using a ran-
dom ordering of the conditional updates.
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¢ t+1
eil e.jl
¢ t+1
91'2 0j2
¢ t+1
eia 9]'3

FIGURE 3. Random ordering of the conditional updating steps when comparing three models: (iy, iz, i3) and (j, j,, j3) are
random permutations of (1,2, 3), j, # is.

This definition reproduces the original one (with two models) and naturally extends to any
number of models.

3 Proper Integral Priors
3.1 Auxiliary Compactified Models

As indicated above, for some model comparisons involving two models, the Markov chains
associated with integral priors are recurrent Markov chains. In the general case, Cano &
Salmeron (2013) have proposed to consider constrained imaginary training samples z when
the simulation of the chains is performed, which guarantees both the existence and the unique-
ness of invariant probability measures. In brief, their practical recommendation consists in
keeping the imaginary training samples constrained within an interval of £5s about the sample
mean, where s is the sample standard deviation. This approach has been implemented success-
fully in several situations comparing two models, see Cano & Salmeron (2013) and Cano
et al. (2018). However, since the simulation of constrained imaginary training samples is carried
out using some accept-reject method (for instance, a truncated normal distribution
Robert, 1995), this induces a consequent computational overhead. The computational alterna-
tive developed in this article consists in including in the comparison an artificial copy of each
model of interest but with a corresponding artificial compact parametric space.

Consider for instance the case of two models under comparison, M;:f;(x|0;), 6; € ©;, i =
1,2, and their attached improper priors 7} (0;) and 73 (6,), respectively. We then introduce
an auxiliary model M5 that is a copy of model M| with a parameter space restricted to a compact,
that is,

M :fl (x|93), 0; € @3,

where O is an artificial compact subset of ©, hence % (65) o< 7V (65)Ie, (03) is a proper prior.
Our goal is to obtain integral priors for both 8; and 6,, but we can resort to our generalised meth-
odology of constructing integral priors for the three models {M;, M,, M3}, which produces
Markov chains (6") with transition densities Q;(6;|6/), and resulting integral priors z;(6;), that is,

xi(6;) = [ 0.(6:16)m(6)de,, i=1,2,3.

Note that we are using the conditional notation for the marginal transition density 0;(6;]¢’),
while the alternative notation m;;(6;, 6;) corresponds for the between-model transition
01'—>9j, i# ] .
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On Integral Priors for Multiple Comparison in Bayesian Model Selection 7

Since 7} (65) is a proper prior, we need no imaginary training sample for 5. In this case,

m13(01, 03) = m23(02, 03) = 7} (65).

Thus, the Markov chain (63) is a sequence of i.i.d. random variables, ¢; ~ 7% (65), and therefore
7/ (05) is the integral prior for 6.

The study of the stochastic stability of the corresponding Markov chains (#)) and (6)) entails
a slightly greater level of complexity. The most natural approach is based on the 2-step transi-
tion densities

0} (016)) = 1 0,(616)0:(010,)d0,, i =1,2.

Fori = 1,2, both the transition density Q;(6;]6/) and the 2-step transition density Q?(6,|6,), are
mixtures of different conditional densities due to the randomness in the order of the
between-model sequences, as illustrated by Figure 4. Each component of the mixture
Q?(0;]@) corresponds to a specific realisation of the sequences (i1, iz, i3), (1,2, j3), and
(k1, k2, k3). However, all components of this mixture share the crucial property that a simula-
tion from #} (65) occurs within the sequence, since j = 3 is necessarily part of the sequence
(j1, j2, J3)- For instance, with regard to the mixture Q% (6;|6,), configuration 1 in Figure 5 cor-
responds to the component

t t+1 t+2
91'1 0j1 61@1

t t+1 t+2
912 0j2 ek

t t+1 t+2
03, 0 I 9k3

FIGURE 4. [lllustration of a 2-step transition when comparing three models: (iy, iz, i3), (j|, 2. j3) and (ky, k2, k3) are ran-
dom permutations of (1,2, 3), i3 #j,, j3 # k1.

Configuration 1 Configuration 2
1 2 1 2
04 03" Y 0y Y 05"
95 9§+1 91i+2 05 Q?Ll 91i+2
1 2 1 2
0} o1t 03" 01 o1t 05"

FIGURE 5. Tiwo realisations of the 2-step transition process given in Figure 4.
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8 SALMERON ET AL.

[ (03)31(03, 01)d03,
and configuration 2 corresponds to the component

jﬂN 03 77,'32(63, 92)7[21(92, 9 )71'12(01, )71'21(9 )d0’2d9~1d02d93

More precisely, it is straightforward to derive that all components of these mixtures are nec-
essarily equal to one of four cases that can be schematically represented as follows:

1-3—>1, 153-52-1,

1—-3—1—-2—1, and 1-3-2—1-2—-1.
Then Q3 (6;|6}) does not depend on &), and hence, 7 (6;) = Q%(61¢,) is the integral prior for 6;:

[7:(0,)0,(0710:)d0; = [ 02(6:16)0,(6;160:)d0
= [0:(616,)0,(6:16,)0,(6;16:)d6:d0;

— [0,(616)Q(6716,)d6; = QX(6716)) = m:(67).

Similarly, the 2-step transition for (65) is the integral prior for 6,, that is, 72(6,) = Q3(61]6,).
From a practical perspective, we point out that all simulation steps that precede the latest sim-
ulation of 85 in Q,(6;]0) are superfluous since #; is generated independently.

However, these resulting integral priors do depend on which model is copied into a
compactified version. Towards the elimination of the resulting arbitrariness, we propose to du-
plicate each model into a compactified version. For instance, when facing two models, we add
to model M, the model

M4:f2(x|04), 04 € Oy,

where @ is an artificial compact subset of @, with 7} (64) o< 7' (04)1e, (64) thus a proper prior.
While one could consider comparing {M3, M4} instead of {M, M,}, since the corresponding
Bayes factor Bs4(x) is then well-defined, the models of interest remain M and M. In fact, in the
case where M corresponds to the point null hypothesis 8, = 67, the Bayes factor for the com-
parison M3 versus My is

11165 ] 0,75 (62)d0
§®4f2(?C|52)7T]2\](6’2)C1927

34(x) =

which typically goes to +« as @4 approaches ®,. Therefore, moving to the set of models
{M, My, M5, M4} is purely procedural and solely intended to derive a well-defined integral
prior on both M and M,.

For the same reason as above, the training sample size for 6, is zero and the integral prior is
again 7} (04). The 2-step transition Q?(#;|¢) does not depend on ¢/, and hence, ;(6;) =
0?(6,]6)) is the integral prior for 6;, i = 1,2. Besides, 0}(6,|0}) is a mixture of densities and
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On Integral Priors for Multiple Comparison in Bayesian Model Selection 9

the components of this mixture are reduced to eight cases that can be schematically represented
as follows:

1-3—1, 153521,
1-3—1-52—>1, 153-52—-1-52—1,
[—4—1, =421,

1—-4—1—-2—1, and 1—-4—-2—1-2—1,

which means that there exist functions H } (601, 03) and H f(@l, 04), defined for 0;, 65 € ©; and
04 € Oy, such that the integral prior 71 (6,) is

1 (61) = 03(6110;) = [ (63)H 1 (61, 05)d05 + [z (04)H3 (61, 04)d6s.

Similarly, there exist functions H 5(62, 03) and H %(92, 04), defined for 6,, 0, € ®; and 05 € O,
such that

3(6,) = 02(0,164) = [ 2 (65)HL (65, 03)d05 + [ 7 (04)H2(6,, 64)d6,,

is the integral prior for 5.
Obviously, this device of adding copycat models with an artificial compact parametric space
applies to more than two models. We start from g > 2 models

Mi:fi(x|6i)7 9,’ € ®i7 i = 17 - g,

under comparison and associated improper prior distributions 7 (6;)i = 1, ..., g. Given a com-

pact subset ©, ,; € ©; such that j@ ; 7V (6,)d0; < -+, we consider a copy of M, but with
parameter space O,  ;, that is,

Mg iifi(x|0g+ 1), Og+i € Og i,

q + i

and 7}, (0, 4) 7 (04 )le,, ,(0g+:), i=1,...,q . Then integral priors for

{My, ..., My, ..., Ms,} do exist, they all are unique and proper priors, and the integral prior
for 6; satisfies

q .
mi(0;) = 9|0/ z.[ +j 04+ ) H(0;, Oy + ;)40 + ;,

J=1

where the function HJI:(H,-, 04 + ;) is defined for ; € ®; and 0, . ; € ©;, i, j = 1,

3.2 Selecting the Compact Sets

Without loss of generality consider two models under comparison, M| and M,, with their
copies over compact parametric spaces, M3 and My, respectively. It is quite sensible to seek
compact sets such that the posterior probabilities
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10 SALMERON ET AL.

P} = [o, 7 (6,]x)d6; and P* = [,z (6,]x)d6,

are close to one. While there are a variety of ways to choose these compact sets, we opt for the
simple solution where both ®3 and ®, are the Cartesian products of compact intervals based on
marginal posterior quantiles in such a way that the compact sets include the highest posterior
values. Note that here the posterior distributions are associated with the original prior distribu-
tions, independently for each model. More specifically, our proposal is made of credible inter-
vals with posterior probability 1 — «, based on the quantiles a/2 and 1 — a/2, witha € (0,1)
small, typically a <0.05. Note that the computation of such HPD regions usually requires
MCMC samples. This differs from the costlier requirement of simulating constrained imaginary
training samples in the Markov chains that define integral priors under the approach proposed in
Cano & Salmerdn (2013). The following example illustrates the behaviour of this method.

Example For the data x = (x1, ..., x,), consider the models
1
Ml:fl(xjwl) = eilexp(ixj/el)a J=1...,n 0 € (0’ 1)’
and

1
M2:f2(xf|02) - @exp(_xf/gz)v J - 17 ey 02 € (17 +°O)7

with 7V (6;) = 1/6;, i = 1,2. Note that Z x; is a sufficient statistic for 6, and that given prior dis-
J

tributions for 6;, i = 1,2, the Bayes factor is determined by n and x. For a sample (see supplementary
material) of size » = 15 and mean 0.7, we implement the above methodology of integral priors, thus
defining the collection of models {M, My, M3, M4}, where ©; 5 = [a; 4 2, b; + 2] is a 100(1 —
)% credible interval based on the quantiles /2 and 1 — @/2 of z(6;|x), i = 1,2. We also opt
for using training samples z of size one for both 8, and #,. Simulation from the posterior distributions
is straightforward:

0, =1/(1 — z oguy), u; ~U(0,1),
and
0, = —z/log(up(1 — e )+e7 %), up ~U(0,1).

For a € {0.05,0.01,0.005, 0.001}, Table 1 provides Ba(x) = 1/B,(x) where By (x) is given
by (1), the approximate values of Bj,(x), as well as the estimated posterior probability of model

Table 1. Estimation of the Bayes factor By, (x) and posterior probability P(M|x), based on / 0° simulations from the integral
priors.

a as b3 ay b4 BIZ (X) P(Ml |x)
0.05 0.44 0.97 1.00 1.62 8.98 0.90
0.01 0.39 0.99 1.00 1.90 9.10 0.90
0.005 0.37 1.00 1.00 2.02 9.09 0.90
0.001 0.34 1.00 1.00 2.28 9.16 0.90
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FIGURE 6. Histograms of 1 0° simulations from the integral priors forlog;, i = 1,2 (first row: logb, left, log0, right), and
i = 3,4 (second row: log0; left, logOy right).

M if the prior probabilities of M, M,, M3, and M4 are 1/2, 1/2, 0, and 0, respectively. Hence,

P(Mi|x) = Bia(x) /(1 + Bz (x)).
It is worth noting that under the unconstrained Exponential model

f(x,]0) = 0 'exp(—x;/0), j=1....n, 0€ (0, +=),

and 7 (0) o< 1/6, the posterior probability of ®; = (0, 1) is 0.89.

The histograms corresponding to the chains (log#!), i = 1,2, 3,4, using the associated
Markov chains with the compact sets for o = 0.001 (last row in Table 1), are shown in
Figure 6.

To evaluate the Monte Carlo variability in Table 1, we repeated 100 times the estimations,
that is, we simulated the Markov chains 100 times and computed the corresponding estimator
Blz(x). The standard deviation of the 100 values of élz(x) was 0.02 for each value of a.

The intrinsic priors for the arithmetic intrinsic Bayes factor do not exist for this example be-
cause the expectation of BY, (z) is not finite. The encompassing approach for intrinsic priors has
been suggested in such situations. This approach proposes embedding M| and M in the larger
model My: 6 € (0, +), and then to obtain intrinsic priors for nested models to compute B} (x)
and BY, (x), and finally B, (x) is defined as B}, (x)B}, (x). Moreno (2005) has stated that this ap-
proach does not work for this example.

Instead, Moreno (2005) has proposed an ad hoc solution inspired from intrinsic priors for two
different models: the point null hypothesis @ = 1 and the unconstrained model & > 0. Then the
proposal is to consider the restriction of the intrinsic prior for the unconstrained model to § <
land @ > 1 to obtain two priors for the computation of the Bayes factor B’{z(x). For a sample x
of size n = 15 and mean 0.7, this Bayes factor is B}, (x) = 7.6, which is similar to the values in
Table 1. Berger & Mortera (1999) have obtained other priors for the comparison M| versus M»;
for example, the intrinsic priors for the median intrinsic Bayes factor and for the fractional
Bayes factor. With these priors the resulting Bayes factors are B)5/%"(x) = 5.6 and BY,(x) =
3.1, respectively. Both values are significantly different from those obtained with our approach.

This is partly explained by the fact that f el (0,)d0,/ §o7T1 (6,)d6, is 2.67 for the priors used in
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12 SALMERON ET AL.

BY(x), and 1.46 for the priors used in B}%/®” (x), and this translates into an a priori advantage for
model M>, as pointed out in Berger & Mortera (1999).

4 Test on a Normal Mean Under Dependent Samples

In the specific context of paired samples in which each subject is measured twice, resulting in
pairs of observations, there are three natural hypotheses regarding the mean difference, u,
namely, # < 0, u =0, and g > 0. This multiple non-nested hypothesis testing problem
has been previously studied in Berger & Mortera (1999), assuming known variance and com-
paring the encompassing arithmetic intrinsic Bayes factor (EIBF), the encompassing expected
intrinsic Bayes factor (EEIBF), the median intrinsic Bayes factor, and the fractional Bayes fac-
tor. Unfortunately, these approaches do not correspond to Bayes factors with respect to genuine
prior distributions (see Berger & Mortera (1999), p. 552). In this section, we therefore apply the
theory of integral priors for this testing problem.

Under model M; the difference data x = (x1, ..., x,) are independently drawn from the Nor-
mal distribution N (y;, 07), i = 1,2, 3, with 4; < 0, p, =0, and u3 > 0, respectively, that
is,

1 n
Sl 02) = (2m) "oy ”e"P(‘—z ) o
20% 4
i =1
—n/ I <
fo(x]o2) = (27) a "exp 5 x> ,
202 —
j_
and we consider the default estimation priors zV(6;) =1/0;, i=1,2,3, where 0; =

(,ul, 0'1), 92 = 03, and 93 (/13, 0'3).

To investigate this setting, we produced a simulated sample x of size n = 15 from the Normal
distribution with mean —1 and variance 4. The observed sample mean and standard deviation
were —0.927 and 2.530, respectively. We thus consider copies M4, M, and M, with compact
parametric spaces ®;, i = 4,5, 6, of the form

04 = (g, 04) € O4 = [ay, bs] X [c4, d4],

0s = 05 € Os = [cs, ds],
and

O = (ug, 06) € O = [ag, bs] x [c6, de],

respectively.
For models M and M3, imaginary training samples are samples, z, of size 2, and the corre-
sponding posterior distributions are

_ sg (z*m)z .
”;v(zuia ailz) o< a; 36XP<—20_2>6XP — , i=1,3,

where z and s, # 0 are the sample mean and standard deviation of z, respectively. The posterior
distribution 7V (u;|z) is proportional to
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2 **ﬂi)z 1
+ow —3 _ S _(Z dgi= —
j‘O 0; CXp( 20_12> CXp( 0'12 > o Sg T 2(2 — /11)2 3

an half-Cauchy density, and therefore the simulation from z (1,]z) can be carried out using the
probability integral transform method, that is, we can generate u, v ~ U(0, 1) and take

S, (u
— ——cot| =(= — 2arctan(v/2z/* )
I )
and

Sz

—1
- ﬁcot (VT(E + 2arctan(\/§Z/S3)>> .

To simulate from 7 (o;|y;, z) we can generate &; from the Exponential distribution Exp(1) and

take
_*,Ui)z
ai:\/s§+2(22§ , i=1,3.

U3 =z

For model M, imaginary training samples are samples of size 1, z # 0, and the posterior distri-
bution is

Z2
73 (02]2) o< 03 *exp <——>

2
205

Therefore, to simulate from 7} (a2|z) we can generate &, ~ Ga(1/2, 1) and take o, = |z|/+/25,.

Fora € {0.05,0.01, 0.005} we again select the compact intervals as the 100(1 — a)% cred-
ible intervals based on the quantiles /2 and 1 — /2 of the marginal posterior distribution of
7V (0i]x), i = 1,2, 3, that is,

a/2 = [ mY (l)dy, 1 — a/2 = [P (ulx)du, i = 1,3,

a/2 = jg” i (oilx)do;, and 1 — a/2 = jg"”nfv(an)dai i=1,2,3.

Based on such compact sets, we apply the methodology of integral priors with 500,000 simu-
lations in order to approximate the posterior probabilities of models M, M, and M3 when
selecting as set of prior probabilities {1/3,1/3,1/3,0, 0,0}. The approximated posterior prob-
abilities of models M|, M, and M5 are shown in Table 2, again with very little variability when
a decreases. The execution time was 20 seconds for each row in Table 2. On the other hand, we

Table 2. Estimation of the posterior probabilities of models My, M, and M5 in the Normal mean difference example.

a P(M|x) P(M;]x) P(Ms]x)
0.05 0.51 0.42 0.06
0.01 0.50 0.43 0.06
0.005 0.50 0.44 0.06
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14 SALMERON ET AL.

have applied integral priors for {M, M,, M3} with constrained imaginary training samples as
proposed in Cano & Salmeron (2013) with Markov chains of length 500,000. As could be ex-
pected, the execution time was higher with this approach. Specifically, the execution time was
120 seconds and the posterior probabilities of models M, M,, and M3 were 0.52, 0.46, and
0.02, respectively.

For this example we have computed the fractional Bayes factors and the median intrinsic
Bayes factors. The corresponding posterior probabilities of models {M;, M,, M3} are
{0.41,0.53, 0.06} and {0.28,0.63, 0.09}, respectively. Note that the conclusion from these
methodologies would be to choose M,, while the conclusion based on integral priors would be
to choose M |. However, despite this slight numerical difference, the posterior probability is not
sufficiently conclusive in favour of either M| or M, in any case. In fact, although the fractional
Bayes factor (0.77) and the median intrinsic Bayes factor (0.44) provide evidence against M,
and the Bayes factor for integral priors (0.88) provides evidence against M>, all of these pieces
of evidence are not worth more than a bare mention, according to Jeffreys’ scale of evidence.

Figure 7 shows the histograms and the empirical autocorrelations based on the simulations
from the integral prior for log(—,) and log(us), corresponding to & = 0.005.

5 Integral Priors for ANOVA
5.1 Original and Auxiliary Models

In the classical ANOVA setting, we now consider a sample x; from the Normal population
N (y;, 6*), i=1, ..., k, in order to handle on the hypothesis test

Horpy = ... =y
H,: u;arenotallequal.

Hence we are again dealing with a comparison between two models. Under model M | the & pop-
ulations have mean u and variance o2, and under model M, the population i has mean g, and
variance 03, i =1, ..., k. The default (estimation) prior distributions in this setting are

7 (u, 01) =1/oy and @) (uy, ..., 4y, 02) = 1/0,. Unfortunately, these priors are improper

0.10 0.2
0.10 0.20

0.00

0.00

00 02 04 06 08 1.0
00 02 04 06 08 1.0

T T T T T T T T T T T T
0 10 20 30 40 50 0 10 20 30 40 50

FIGURE 7. Histograms and empirical autocorrelations based on simulations from the integral priors for log(—u,) and
log(u3) in the Normal mean difference example.
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On Integral Priors for Multiple Comparison in Bayesian Model Selection 15

and therefore their use is not validated for model selection. In order to construct integral priors
for ANOVA, we again consider copies M3 and M4 with compact parametric spaces.
The imaginary training samples are generated as follows:

For ,—6,. Given 6, = (u, o})

L j~U{lL, . k)
2. z;~N(u, 0%), i #j,and z; = (zj1 z]) where z , 27 ~ N(u, a7)
3. z=(z1, ..., zx) is the imaginary training sample ‘

For 6,—6,. Given 6, = (uy, ..., t, 02)

1'jlvj2Nu{1>~2 )
2 Zj1 NN(lu] I 0-2) Z]z N(Iujz 0-2)
3. z=(z, ij) is the imaginary training sample

For model M, the sample size is 2, that is, x = (zj, z2). The simulation from 7} (1, o;|x) can
be carried out as follows:

_ e = 2|
1. &~ ga(1/2 1) _—
2. ,uNN(x"’l/z 2V¢
For model M, the sample size is n; = 2 for some j € {i, ..., k} and n; = 1 for i # j. Then

2
54
7Y (o2x) o< oy exp | —=L5
2 \02 2 p )
203
and therefore the simulation from 75 (u, ..., 4, 02]x) can be carried out as follows:

1. £~ Ga(1/2, 1) u,wherexj (z1, 22)
2. ,uZNN(x’,az/n) 12V

5.2 Example

To illustrate our methodology we consider & = 3 populations. The compact parametric spaces
are chosen as Cartesian products

03 = [as, b3] X [c3, dj]
and

O4 = [as1, ba1] X [asz, bas] X [aaz, ba3] X [c4, ds).

For a € {0.05,0.01, 0.005}, we select the intervals as 100(1 — a)% credible intervals.
For sample sizes ny =n, =n3 =10, we have considered sample means
¥ =x=0,% €{0,0.75,1, 1.5}, and sample standard deviations s; = s, =s3 = 1. As in
previous examples, the compact parametric spaces are based on the posterior quantiles a/2
and 1 — /2 of the marginal posterior distribution obtained with 7" (6;), i = 1, 2. Table 3 pro-
duces estimated posterior probability P (M |x) under the prior probabilities P(M ) = P(M,) =
1/2 and P(M3) = P(M4) = 0.
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16 SALMERON ET AL.

Table 3. Estimations of the posterior probabilities of model M, in the ANOVA example.

¥

0 0.75 1 L5
a=0.05 0.93 0.70 0.38 0.03
a=0.01 0.94 0.70 0.41 0.03
a = 0.005 0.94 0.71 0.41 0.03

The p-values for the ANOVA test were 1, 0.173, 0.051, and 0.003, for ¥* = 0,0.75, 1, and
1.5, respectively. Our reference priors are the g-priors as implemented in the R package
BayesFactor with the three possible options for the scale of the inverse-chi-square priors for
the g’s: medium, wide, and ultrawide. The posterior probability of model M, were 0.82 (me-
dium), 0.88 (wide), and 0.93 (ultrawide) whenx* = 0; 0.59 (medium), 0.65 (wide), and 0.73 (ul-
trawide) when ¥* = 0.75; 0.38 (medium), 0.41 (wide), and 0.50 (ultrawide) when X¥* = 1; and
0.06 (medium), 0.06 (wide), and 0.06 (ultrawide) when ¥* = 1.5.

6 Poisson and Negative Binomial

The article by Moreno et al. (2021) is dedicated to the test of a Poisson model versus the neg-
ative binomial family, using intrinsic priors. In this section, we develop integral priors and com-
pare the methodologies.

Let us consider the Poisson model

—6
O~

Ml:fl(x|61): x!

R 0, > 0,
and the negative binomial models

— 2\ .
Mir o) = (777 et - 0y o e o

F=2, ..., q. Jeffreys priors are 7 (6,) = 6; " and 2 (6,) = 6. '(1 — 6,)""% r=2, ... q,

;
and the minimal training sample size is one in all cases. With these priors, the posteriors are
Gamma and Beta distributions, respectively:

7 (61]z) = Ga(61|z + 1/2,1)
and
N (0,]z) = Be(0,]r — 1,z4+1/2), r>2,

for z> 0 a minimal training sample.

As is pointed out in (Moreno et al., 1998, pp. 1457—-1458), the intrinsic priors methodology is
not well defined when comparing Poisson versus geometric (M») because of the arbitrariness in
the limiting procedure for defining the intrinsic priors and the corresponding Bayes factor. This
issue can be adjusted if instead of using Jeffreys priors as the initial default estimation priors—
which would be the natural choice—one uses Jaynes’ priors, for which a minimal training sam-
ple is any value of x other than x = 0
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Table 4. The word ‘may’ per block in papers by James Madison.

X (number of occurrences) 0 1 2 3 4 5 6
Frequency (number of blocks) 156 63 29 8 4 1 1

Here we illustrate the integral priors methodology with the data in Table 4 referring the num-
ber of times that the word ‘may’ appears per block in papers by James Madison, see Conigliani
et al. (2000).

We have considered ¢ = 15 and, as in previous examples, the compact parametric spaces are
based on the quantiles /2 and 1 — a/2 of the posterior distributions 7 (6;]y), i =1, ..., g.

Based on such compact sets, we apply the methodology of integral priors with 50,000 simu-
lations in order to approximate the posterior probabilities of models M, ..., M 5. The prior
probabilities were 1/15 for models My, ..., M5, and 0 for the artificial models. Using a =
0.05, the approximated posterior probabilities where 0.68 for the geometric model M, 0.26
for M3, 0.04 for M4, and less than 0.01 for other models. The results were virtually identical
with a = 0.001.

For the purpose of comparing the methodologies, we have applied the approach proposed in
Moreno et al. (2021) obtaining quite similar values for the posterior probabilities: 0.70 for M,
0.24 for M5, 0.04 for M4, 0.01 and lower for the other models.

Furthermore, we have used simulated data to compare the models {M, M>, M3, M4, Ms}
using integral priors (¢ = 0.05, and chains of length 50,000) and the intrinsic priors developed
in Moreno et al. (2021). A sample of size n is simulated from the 7rue model 100 times, and for
each sample we have computed the posterior probabilities of the models, and the probability of
the models based on Akaike weights. Table 5 displays the means of these 100 probabilities. It
can be observed that the values are very similar.

7 Integral Posteriors and Evidence Approximation

In case copycat models with compact parametric spaces have been added, a simple Monte
Carlo estimator of the Bayes factor for integral priors is based on the Markov chains (6}) asso-
ciated with integral priors 7;(60;), i = 1, ..., q. For example, we can estimate the Bayes factor
By (x) by Z _ 2 (x]65)/ Z i x|9t However it is well known that this is not the optimal
strategy when the integral posterior 7;(6;|x) o< 7;(0;)f;(x|6;) is concentrated relative to the inte-
gral prior 7;(6;). In such situations general methods based on the integral posterior could pro-
duce estimates of the evidence, and therefore of the Bayes factor, in a more efficient way. Be-
sides, the simulation from the integral posterior entails some additional difficulties because
the integral prior is not known analytically. To overcome this issue we resort to a completion
of the integral posterior as follows.

The simulation of 6} © ! given @' is carried out in several steps. The last two steps correspond
to the simulation of a training sample 2/ * !, and the simulation & ™ ! from 7 (6;|z/ * ). Besides,
since the 2-step transition density Q?(6;]0}) does not depend on &, it follows that given any ini-
tial point 6?, the subsequences {67, 0}, ¢°, ... Yand {¢, 67, 67, ...} are iid from 7,;(6;). Note

that @ and @ * ! are independent if any compact space is involved along the transition &/—¢* ',

In general, we consider the subsequence (91) of the Markov chain (6!) such thatéﬁ and 95 “are
independent, and the corresponding subsequence (%) of (z£). This sequence is the key ingredient
of the completion method. If p;(z;) is the stationary distribution of (z¢), then (2!) are iid from
p;(z), and
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i(0;) = [ 2 (0]z)p,(z1)dz.
Therefore,

fl(x|0) (9 |Zl) I(Zl)

mi(x)

(0, zilx) =

is a completion of 7;(6;|x), and 7;(6;|z;, x) = ¥ (6;|z;, x). Then the Metropolis—Hastings algo-
rithm with target 7;(0;, z;|x) and proposal of the form

%(6;) Z;‘H,-, Zi x) =p,-(Z;)p,-(l9§|9i, Z;’ x)v
can be implemented provided

[ix10)m (0/1z)p (6110, =i, x)

1

i1z (6i]z:)pi(6:10:, zi, x)

1

)

can be computed. Note that ifp,(6|0;, z}, x) does not depend on 2/, then this Metropolis-Hasting
algorithm becomes the pseudo-marginal Metropolis-Hastings algorithm of Andrieu & Rob-
erts (2009) for the target m;(6;]x) , where the unbiased estimator of the target is
7;(0:, zi|x) /p;(z;). If we choose

fix10)x (6;1z)
my (2, x)/m (z})’

pi(eﬂez‘y Z;, x) = 71’1\]((9”2/ x) =

1 17

then (3) is given by

my (z, x)_my (z:)

m;' (z}) my (zi, x)’

The aforementioned Metropolis-Hastings algorithm produces a Markov chain (éf , Zt) through
the following transition. Given 6’ and z':

1. Takez, ="' and generate (9'- ~p(0)00, 211 x)

2. Take Ht Tl=¢ and 2 "' = 2 with probablhty

[ix16)7 (6;12))p: (6116}, =/, x)
[0 (O11=0)p ()18, 21, x)’

otherwise take ' ! = @' and 2/ + ! = 2.
Then the integral posterior and the integral prior can be estimated by

T
Ti(0]x) = ZEN(9|Z

ﬂzl

and
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1 I
—E 7 (0i]2)),
re="

respectively.
This allows us to use Chib’ (1995) approach to estimate the evidence by
7:(07)f (x|0;
(O} ,+107) W
(07 |x)

where 0} is any plug-in value for 0;.

We have applied this procedure to replicate the last row in Table 3 using the Monte Carlo es-
timator (1) and the Chib’s method with the simulations from the integral posteriors with pro-
posal p, (8|60, 2, x) = z¥ (6|2}, x) in the Metropolis-Hastings algorithm. The number of simu-

lations was set to 7 = 10, 000 to approximate the integral priors and 7 = 5000 to approximate
the integral posteriors. Using these approximations the evidence was estimated according to
Equation 4, and the estimation was repeated 100 times. The resulting boxplots in Figure 8 illus-
trate the corresponding behaviour and the superiority of Chib’s method.
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FIGURE 8. Comparison of the estimates of the posterior probability of modelM (last row in Table 3) using the estimator
MC (1), and the Chib’s method with the proposed Metropolis-Hastings algorithm to simulate from the integral posterior.
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8 Conclusions and Oncoming Research

We advocated in this paper a principled generalisation of the methodology of integral priors
(Cano et al., 2008) when two or more models are to be compared. Our approach proves to be
quite automated and generic, both in the nested and in the non-nested cases, with the only re-
quirement being the existence of training samples of finite size for all models under comparison.
Although we have carried out some comparisons with more approximate solutions like intrinsic
and fractional pseudo Bayes factors (Robert, 2001), further experiments could be conducted in
that spirit. We recognise that the application of integral priors for complex models could in-
volve certain degree of difficulty with respect to the concept of imaginary training samples,
similar to the ones encountered with other automatic methods like expected posterior priors
or intrinsic priors. On the other hand, usually integral priors have not an explicit form but must
be obtained by simulation, which entails some computational limitations.

This methodology is an original proposal for the problem of choosing priors for model selec-
tion in the general case, rather than suggesting priors for specific cases. In this sense, our meth-
odology falls within the class of approaches that produce default priors. Other methods, such as
intrinsic priors, have been shown to work well for nested models, whereas for general
non-nested models the problem has to be studied case-by-case. Our methodology is different
in that it addresses all models simultaneously without privileging any one over another. How-
ever, we acknowledge that there is still much work to be done in the development of this theory,
for example, improving computation time when the number of models is large, as well as the
estimation of the evidence.

The contribution of our work, in relation to the prior developments by Cano &
Salmeron (2013) and Cano et al. (2018), lies in having established conditions under which
the integral priors are unique and proper prior distributions in such a way that the proposed
methodology enables the application of the Metropolis-Hastings algorithm to simulate from
the posterior distribution, thereby facilitating the use of general methods such as the harmonic
mean estimator or Chib’s method (Chib, 1995) to approximate the evidence, and consequently,
the Bayes factor.

The examples we considered so far allow to approximate the Bayes factor with the Monte
Carlo estimator, but extensions to more general settings are directly available when using evi-
dence approximations (Friel & Wyse, 2012), like bridge sampling, inverse logistic regression
or even harmonic means since some models (Marin & Robert, 2011) are associated with com-
pact parameter spaces.

Occasionally researchers can express their knowledge about the parameters by establishing a
range of possible values. In such cases, it would be possible to work with proper priors. If any of
the models considered is equipped with such a proper prior, then it is not necessary to use ar-
tificial models with compact parametric spaces because the original model does not require
imaginary training samples, and the prior would be the integral prior. Furthermore, we could
use these ranges of values to construct the artificial models, in which case the integral priors
could differ.
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