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1. Introduction.

The Berlekamp-Massey-Sakata algorithm (BMSa, for short) is an iterative
procedure with respect to a well order in N x N to construct Groebner basis for
the ideal of the so-called linear recurring relations of a doubly periodic array
(see below for notation and definitions).

The origin of the BMSa may be found in the algorithm propossed by E.
Berlekamp in 1967 [I] for decoding BCH codes. In 1969, J. Massey [7] simplified
the procedure and gave the termination conditions. The new version was called
the Berlekamp-Massey algorithm. In 1988, Sakata extends it to two variables
[10], which is known as the BMSa. Finally, in 2021, in [3], the termination
problem was completely solved, finding a minimal set of indexes that guarantees
that the set of polynomials obtained at most at the last iteration in the BMSa
over such a set is exactly a Groebner basis.

One of the most important applications of the BMSa may be found in locator
decoding for abelian codes. Let us comment briefly how does it work (see
Section below for details). For any received word (formed by the sum of a
codeword and an error polynomial), one may form (partially) a syndrome table
(Definition of the error polynomial, which is a double periodic array. The
idea is to find an ideal whose defining set is exactly the set of error positions
(the support of the error polynomial). To do this, from the syndrome table, we
apply the BMSa to find a reduced Groebner basis for the locator ideal and then,
we may find its defining set and so, the error positions.

As we have already commented, from a received word we cannot construct
all the syndrome table for the error polynomial; in fact, we only may know
those values whose index corresponds to the defining set of the abelian code.
So, once one has identified the minimal set of indexes needed to implement
the BMSa some (few) syndrome values may be missing. In the case of algebraic
geometric codes (see [0]) there are some inference procedures (specially the Feng-
Rao Majority Voting (FRMV) [6, Theorem 10.3.7] for one-point AG codes).
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In this paper, we study the problem of finding those missing syndrome values
that are needed to implment the BMSa. As the reader will see, our procedure,
as the FRMV, requires previous syndrome information.

2. Basic notions

We shall follow all notation in [3]. Throughout this paper g, r1, 7o will be
positive integers such that ¢ is a power of a prime number, ged(g,r172) = 1
and F = IF, is a finite field of g-elements. As it is well-known, in this case the
polynomial quotient ring F(ry, ) = F[X7, Xo]/(X{' —1, X2 —1) is semi simple.
We set Z = Z,, X Z,, where we only consider canonical representatives.

We consider the partial ordering in Z X Z given by (ni,ns) < (mi,ms) <
ny < my and ne < mgy. For s € Z x Z, we denote X3 = {(m,n) € ZXZ | s =<
(m,n)}; in particular, setting 0 = (0, 0), we have ¥y = ZXZ. On the other hand,
we will use a (total) monomial ordering [ Definition 2.2.1], denoted by “<r”,
as in [I0, Section 2]. This ordering will be either the lexicographic order (with
X1 > X32) [B, Definition 2.2.3] or the (reverse) graded order (with X5 > X3) [
Definition 2.2.6]. The meaning of “<7” will be specified as required.

We write polynomials as it is usual: f € F[X1,Xo]is f = f(X) =D anX™,
where m = (mq,mz) € g and X™ = X" - X5"*. We write the canonical rep-
resentatives f € F(rqy,ra) as polynomials f = > a,, X™, where m = (my, ms) €
Z. Given f € F[X], we denote by f its image under the canonical projec-
tion onto F(ry,r9), when necessary. The weight of any f € F(ry,r3) will be
cardinality of the support of the polynomial; that is, w(f) = |supp(f)|.

For each i € {1,2}, we denote by R,., (resp. R,,) the set of all r;-th roots of
unity (resp. primitive r;-th roots) and we define R = R, X Ry, (R = Ry XRy,).
We denote by L|F a field extension that contains R,,, for i = 1, 2.

For any f = f(X) € F[X] and a = (a1, a2) € R, we write f(a) = f(aq, a2)
and for any m = (my,me) € Z, we write a™ = (a]"*, a5'?).

Definition 2.1. Let U = (w;)iex, be an array with entries in L. We call U a
double periodic array, of period r1 X ro if it satisfies the following condition:

Forl = (l1,1l2) and m = (my,ms) one has that l; = m; mod r;
for i =1,2 implies that u; = uy,.

Definition 2.2. Lete € F(r1,r2), 7 € T and U = (uy)nes, an array such that
un, = e(a™™). We shall call syndrome values to those e(a” ™) and U will
be called the syndrome table afforded by ™ and e.

Note that any syndrome table as defined above is a doubly periodic array of
period ry X ro. Clearly, they entries are totally determined by its indexes over
the range 0 < n; <r;—1and 0 < ng < ry—1. In practice, working with double
periodic arrays is equivalent to do it with a finite table.

As we have commented, the BMSa is an iterative procedure over the array
U with respect to a total ordering over Z; so, as in [3, p. 269] and [10, p. 322]



we specify the notion of successor. In the case of graded order we have the usual
one

41— (lh—11+1) %fl1>0.
(I +1,0) ifl; =0

In the case of lexicographic order we introduce a modification
li,lo+1) ifl -1
J+1= (l1,l2 +1) 1 2 < T2 .
(11+1,0) leQZTQ—l

As in [I0, p. 323], for any f € F[X], we denote by LP(f) the leading power
product exponent, or multidegree, of f with respect to <.

Definition 2.3. Let U be a doubly periodic array, f € L[X], with multidegree
LP(f)=s andn € ¥y. We write f = Zmesupp(f) fmX™ and define

Z fmUmin—s ifn € g
flU]n = { mesupp(s)
0 otherwise

The equality f[U], = 0 will be called a linear recurring relation.

We will say that there is a linear recurring relation by convention when
we want to emphasize that n € Xg; that is, there are no computation.

Now, another definition related with iterations

Definition 2.4. For | € X, we define the finite subarray u' = {u,, | m <r
I andm < (r1,7r2)}.
Note that it is a finite set.

If uy, € u! then we also write f[u']y = f[U]x.
Definition 2.5. Let u! C U be a finite subarray and f € L[X] with LP(f) = s.

1. We say that f generates u' if f[u'ly, = f[U]x =0 on each pair k such that
s =k and k <7, and we write flu!] =0. If {k €%y | s <k and k <t
1} = 0 we will also write flu'] = 0.

2. We denote the set of generating polynomials for u' as

A(u') ={f e LIX] | f[u']=0}.

3. We say that f generates U if flu'] =0 on each pair | € o and we write
flU]=0.

4. We denote the ideal of generating polynomials for U as

A(U) ={f eLX] | flU]=0}.



Notation 2.6. For s € ¥y we denote
Ag={ney | n=<s}.
In fact, we always assume that s < (ry — 1,79 — 1).
Definitions 2.7. Let U be a doubly periodic array, u' C U and consider a
set of polynomials F; = {f(l),...,f(d)} C A(h). Set s = LP(f@), where
@ = (s, 55).
1. The footprint (or the connection footprint [{l, p. 1621]) of F is the set

AF) = {nexy | n=(s? -1, 1)
for some 0 <i<d-—1}

d—1
U (sgl)—l,sgﬁ'l)—l)
i=1

2. We say that Fy is a minimal set of polynomials for u' if
(a) The sequence sV, ... s\ (called defining points) satisfies

sgl) > > sgd) =0 and
Ozsg) <... <sgd).
(b) If g € L[X] is such that LP(g) € A(F) then g & A(u') (that is,
glu'l #0).

3. From [J|] or [10] we have that, for anyl € Xy and minimal sets F, F' C
A(ul) we have that A(F) = A(F'), so we may write A(u') and we also
call them footprints.

Remark 2.8. In [10, Section 4], it is proved that every set A(u') has at least
one minimal set of polynomials, F;. Moreover, if I,I' € T are such that |l <p I
then the footprints verify A(u') C A(ul").

The ”corner points” (sgz) - l,séiH) — 1) withi = 1,...,d — 1 (external
corner points in [4, p. 1623]) that determine the footprints are related with
another set of polynomials that we call Gy = {g | i=1,...,d — 1} and pairs
Ei,...,kq_1 in T such that, fori =1,....d =1, k; <7 1, gV [u¥]s, # 0 and
ki — LP(g\)) = (sgi) - 1,s§i+1) — 1) (see [10, p. 327]). These sets are used
in each iteration to update minimal sets of polynomials and, in turn, they are
updated as well.

2.1. A brief description of the BMSa and a termination condition.

Following [10, p. 331] (see also [3, Paragraph II1.B]), we start with a doubly
periodic array of period r1 X ro, say U = (up)nes,, where we have already
defined a partial order < and a monomial ordering <, together with a notion
of successor for Z.



e We initialize F{o ) = {1} and G g0y = A(u(®0) = 0.
e For [ = (0,0), we have already the initializing objects.

e Now, for | € Z with given Fj, G; and A(u!) (including I = (0,0)), we
update them as follows:

e For each f € F} we compute f[u'*t!];. Then

1. If flu'*t']; = 0for all f € F; then I}, = Fjy1, Gy = Gi11 and A(u!) =
A(u'*1); so that there is no strictly updating.
2. Otherwise, F} # Fjyq.

— In this case, each f € Fj such that flu!/*1]; # 0 will be replaced
following what is called the Berlekamp procedure [10, Lemma
6] or [3, Proposition 15] (so that Fj; # Fiiq).

The BMSa contemplates two alternatives in order to apply the Berlekamp
procedure; namely Procedure 1 and Procedure 2 (see [3, Paragraph IIL.B,
pp. 271-272] or [10, Theorem 1 and Theorem 2]. With respect to the
footprint, we have

1. If I — LP(f) € A(dl), it applies Procedure 1 that gets A(u') =
A(u”l) and Gl = Gl+1 .

2. If | — LP(f) € A(u'), it applies Procedure 2 that gets A(u!) &
A(utt1); in fact | — LP(f) € A(u!*!). Finally, some of the replaced
polynomials of F; will be used to update G; to G41.

2.1.1. Sufficient conditions to find Groebner basis for A(U).

In [10] Sakata and other authors of modern versions (see [0} 11]) present some
termination bounds. As we have commented above, in [3] we find a minimal set
of indexes (and hence the minimal number of steps) that guarantees a successful
implementation of the BMSa. Let us summarize those results, that we will
needed for our inference procedures.

Definition 2.9. We define the set
St) = {(0,j))eZT |j=0,...,2t—1}
U{(i,0) €T | i=0,...,2t — 1}
U{(i,j) €T | i,j#0 A i+j<t}.
Also,

1. We say that S(t) satisfies the l-condition (lexicographic) if u ;) # 0, for
some j < t.

2. We say thay S(t) satisfies the g-condition (graded) if u¢; jy # 0, for some
(i,5), with i+ j = 1.



Remark 2.10. In [J] the following facts are proved, for each |l € S(t) and
fekr.

e Every minimal set of polynomials may be taken to its normal form (as in
5, p. 83)); that is, supp(f) \ LP(f) € A(ul).

o In any computation of f[U];, one has that if it happens that l—s+m ¢ S(t)
then there will be a linear recurrence relation.

From Theorem 23 and Theorem 28 in [3] we have the following summary
result.

Theorem 2.11. Let U be a syndrome table afforded by T and e, with w(e) <
t <%, fori=1,2. Suppose that, following the BMSa we have constructed,
forl = (l1,l2) € T and u', the sets A(u') and Fy. We have that, if | & S(t) then
F=F.

Hence in order to obtain a Groebner basis for A(U) it is enough to implement
the BMSa solely on the set of indexes S(t).

Another interesting problem, solved in [3], is the following one. Suppose
we have an array of order r; X 79, say U, and we want to see if it may be
generated by linear recurrence relations. It is proved that, if [A(U)| <t < [ 5],
for i« = 1,2, then we may found a Groebner basis for A(U) by using only the
entries {u, | n € 7+ S(t)} for some 7 € T and S(¢) satisfying the I-condition
or the g-condition.

Once the linear recurring relations have been found, we may check if all
known values of U may be generated by them.

2.2. Locator decoding.

We keep all notation of the preceeding sections. As it is usual, we define an
abelian code (or bivariate code) as an ideal C' in F(rq,r2). We denote by
d = d(C) its minimum distance and t = |%;!] its correction capability.
As it is well-known in the semisimple case, given a fixed a € R, the abelian

code (' is totally determined by its defining set,
Da(C)={meT | c(a™)=0,Vce C}.

It is also well-known that defining sets may be considered for sets of polyno-
mials in F(rq,r2) (or L(r1,72)), and, moreover, if B C F(ry,r3) then Dy (B) =
Da((B)).

Let us comment the locator decoding. Suppose a codeword ¢ € C'is sent and
a polynomial f € F(ry,r2) has been received. We know that f = ¢ + e; where
e € F(r1,r2) is, as usual, the error polynomial which we want to determine.
This will be done in two steps: the first one is to find the error locations; that
is, supp(e). The second one is to determine its coefficients. The last step may
be done directly by solving a system of linear equations with coeficients in F.
So, we shall concentrate at the first step.



To find the error positions or locations, we first construct the partial syn-
drome table of e. Clearly, for any m € Dy (C') we have that f(a™) = e(a™).
Now, if there is 7 € T such that S(t) + 7 C D (C) then we may form a par-
tial syndrome table U afforded by e and 7 and we may apply the BMSa and
Theorem claim that we get a Groebner basis for A(U).

Secondly, we find the error locations. To do this, we consider the following
ideal.

Definition 2.12. [3, Definition 18] Let e € F(ry,ro. The locator ideal (with
respect to oo € R) is

L(e) ={f € L(r1,m2) | f(a™) =0, Yn € supp(e)}.

Note that, as LL is a splitting field, we have that D, (L(e)) = supp(e). There
is an important relation between defining sets and footprints (in the classical
sense for ideals [B]) that we may find in [3, Remark 7] (together with other
interesting properties), to witt

[A(L(e)] = [Pa(L(e))]- (1)

Now let U be a syndrome table afforded by 7 and e. We denote by A(U)
the canonical projection of A(U) < L[X] onto the ring L(ry,r2). Next result
explains us the relationship between the ideals A(U) and L(e).

Theorem 2.13. [3, Equation 3] In the setting above, we have

A(U) = L(e).

Hence -
Da(A(U)) = Da(L(e)) = supp(e).

Here, it appears the interest of the BMSa. If we find a Groebner basis, say
G, for A(U) then we have that D, (G) = supp(e), the error locations.

We finally comment a problem that we may have when we are constructing
the partial syndrome table and whose study is the interest of this paper. Let us
explain it by an example.

Example 2.14. We set ¢ = 2, r1 = ro = 15, so that L = Foa, with primitive
root a € L. Let C be the abelian code in F(15,15) with defining set Do (C) =
Q(0,0)UQ(0, 1)UQ(0,3)UQ(D, 5)UQ(L,0)UQ(3,0)UQ(5, 0) UQ(L, HUR(, 1),
with respect to some a € R, where Q(i,7) denotes the 2-orbit of (i,7) modulo
(r1,72) (see [3, Definition 38] and the paragraph below it).

By results in [J], the strong apparent distance of C is sd*(C) = 8, so we
set t = 3. Suppose that a polynomial f € Fy(15,15) was received. Then we
compute the syndrome values over Do (C). We write for T = (0,0) the values
corresponding to S(3).



1 a®  al? a® a® 0
12 3
a a ’LL(LQ)
9 8
a a
U:
a’
a3
ad

The value u 2y is missing because (1,2) € Da(C). Hence we cannot imple-
ment the algorithm through the entire set S(3).

As we commented in Introduction, we want to find alternative procedures
to infer such values or to get somehow the reduced Groebner basis for A(U).

3. Inference of values.

3.1. General Assumption. Throughout this section, we assume that F, L,
t,r1,r2, 7 and e are defined as in previous sections, with w(e) <t < |%5], for
i=1,2. Let U be the syndrome table afforded by e and T.

We suppose that following the implementation of the BMSa (under the lexi-
cographic ordering with S(t) satisfying the I-condition or the graduate ordering,
with S(t) satisfying the g-condition) we have constructed for 1 = (I1,12) € S(¢),
the sets A(u') and Fy = {fM, ..., f D} C A(ul). We set s©) = LP(f%)) and
s = (sgi),sg)), fori=1,....d.

We want to compute the step | to obtain A(u!™') and Fiy 1, but, we do not
know the value of the entry u;.

So, we cannot compute directly f[U]; for every f € F}, satisfying LP(f) < L.
We need an alternative way to estimate such value or to get the Groebner basis
for A(U).

As one may expect, we cannot estimate any value of U; in fact we have to
restrict ourselves to unknown values having “border indexes”; that is, the pairs
I = (l1,l2) € S(t) such that:

1. Ifll,lgséOthen i +1o=t.
2. (a) Ifl; =0 then t+ s — 1 <1y <2t —1.
(b) Ifly =0 then t + sV —1 <1y <2t — 1.

The pairs of the first class are clearly border points. To understand the
criteria for the second class, the reader may see Lemma below.
We begin with two technical results.

Lemma 3.2. For (a,b) € Xo, with a,b # 0, we have that |Aq_1p—1)| = ab.

Proof. Straightforward. O



Lemma 3.3. We setF, L, t,ry,72,7 and e, as above, with w(e) <t < [F], for
1=1,2. Let U be the syndrome table afforded by e and T, having the l-condition
or the g-condition as required. If I = (I1,13) € Xg is the first element for which
uy # 0 then

1. Under the lexicographic ordering, Fiyq = {X1, X2}
2. Under the graduate ordering Fy,, = {X1+ X2}

Proof. 1. As the l-condition is satisfied then I; = 0, F; = {1} and A(u!) = .
Then, 1[U]; = w # 0 and as s(Y) = (0,0), then I — sV ¢ A(u!); so that, we
apply Procedure 2 (see Paragraph .

By analizing the five cases of constructions considered in Procedure 2 (see
[3, pp. 271-272]) one may check that it is only possible to apply cases (3)
and (5), because all others need that d > 2. The mentioned cases get Fj 11 =
(X1, X2t G = {1} and A(utth) = {0}.

2. In this case, one may check that, again, it is only possible to apply
the constructions considered in cases (3) and (5), by the same reason. As
1€ {(0,0), (1,0), (0,1)} we get the result. O

Lemma 3.4. In the setting of General Assumption|3.1), suppose that ly,lo # 0
and Iy +1y =t. If d > 4 then fori € {1,d} there is a polynomial f*) € F; such
that LP(f®) <1 and f[U], = 0.

Proof. Set A = A(u!*!). We recall that |A| < ¢. First, note that, as 8(11) +
s(Qd) —1<t=1+Iy then LP(fM) <1 or LP(f(®) <1, so that there is at least
one element i € {1,d} for which LP(f®) <.

Suppose that LP(f(M) < 1. If fM[U]); = 0 the we are done. Other-
wise, having in mind that I — s(Y) € A and Iy # 0, we have that the set
A={(0,12), ... (I — s ) U {(l —s87,0), .. (1 — sVl — D)} U{(2,0) |
z e {0,..., sgl) -1\ {(L - 351)70)} verifies that A C A and (as it is disjoint
union) |[A| =1 — sgl) +1+10+ sgl) —1=t. So that A = A.

Now, since d > 4 then séd) > 3 and so, if [; = 1 then the point (0,l + 1) €
A\ A, a contradiction. If Iy > 2 then, if I} # 39), the point (0,1) € A\ 4; in
case l; = sgl), the point (1,1) € A\ A. Both cases drive us to a contradiction

The case LP(f(9) <1 is completely analogous. O

Theorem 3.5. In the setting of General Assumption|3.1| suppose that l1+1s = t.
If 11,15 > 1 then there exist f € F; such that LP(f) <1 for which f[U]; = 0.

Proof. By Lemma and since S(t) satisfies the {-condition or the g-condition,
we may assume that 2 < d < 3. Set A = A(u'*!). We shall proceed by consid-
ering cases. Note that [1,lo # 0 implies ¢ > 2; besides, it always happen that
5(11) + séd) —1<|AlL



CASE 1. Suppose that I; < sgl). Then we have that [y > sgd). It may
happen that f()[U]; # 0 for 1 < i < d (note that f([U]; = 0 by convention in
Definition [2.3)).

Case 1(A). If Iy = s(Qd) thenl; +1= sgl) and so sgl) + s(Qd) =t+1 (that is,
there are already ¢ points on the axes) and 2 < d < 3.

Case 1(A)(I). If d = 2 then, having in mind that A(u') must be a rectangle,

(d)

we have that s’ = 1 = [, because we already have ¢ points on the axes and

5(11) > 2. But this contradicts our assumption that I1,ls > 1.

Case 1(A)(IT). Suppose that d = 3; so that s2) = (1, 1) must be a defining
point (otherwise |A(u!)| > t) and s < 1. If fP)[U]; # 0 then (I; —1,l—1) € A
(recall that A = A(u!*1)), which already have t-points on the axes, so we must
have that I; = 1 or [y = 1 (this last equality cannot happen because d = 3 and
we are assuming that lo = sgd)). This, again, contradicts our assumption that
117 lo > 1.

Case 1(B). Suppose that [y > séd); so that, s(¥ < 1. If f(D[U]; # 0, then
(l1,ls — sgd)) € A and it does not belong to any of the axes. Then, we have that
t>|Al > sgl) —&—sgd) —14+h+1 —s;d) -1 :t—i—sgl) — 2 > t, because sgl) > 2,
which is impossible. Hence f(®[U]; = 0.

CASE 2. Suppose that I; = s(ll); so that LP(fM) < 1.

Case 2(A).Ifl; < sgd) then we must have that 551)+S(2d)71 <t< sgl)Jrsgd),
from which s:(ll) + séd) =t+1.

Case 2(A)(I). If d = 2 then t > |A| = sgl)sg), from which sgl)sg) <

2 52) = 1, which is not

5(11) + sg). This only happens for the values sg =1lors
the case. So d # 2.

Case 2(A)(II). Now, suppose that d = 3. As sgl) + sé?’) =t + 1 then
s = (1,1). If fA[U]; # 0 then [ — (1,1) € A and it does not belong to the
axes; so that |A| > ¢, which is impossible. Hence f®)[U]; = 0.

Case 2(B). Suppose that Iy > séd). If fM[U); # 0theni—sM) = (0,15) € A;
so that |A| = ¢, counting only its points on the axes. If it also happen that
FDU] # 0 then I — 5D = (13,1, — sgd)) € A, and it is not a point of A(u)),
which is impossible. Hence f(M[U]; =0 or f(9[U], = 0.

CASE 3. Suppose that I, > s\". If fO[U], # 0 then (I; — sV, 1) € A
from which |A] > sgl) + séd) —1+10h - sgl) +lhh—-1=t+ sgd) — 2, s0 we only
have to consider the values sgd) <2.

Since Iy < sgd) implies [ = 1, we only consider the case in which o > séd).

As fD[U]; # 0 then, if 2 < I = séd) then s(Y € A, and so |A| = t—l—sgd) —1>t,
which is impossible. If Iy > séd) thent > |A] > 1 — sgl) + s +s§d) +s§1) >t+1,
which is impossible too. Hence fM[U]; = 0. O

Remark 3.6. Following the proof of the theorem above, we may specify which
element or elements f € F} satisfying LP(f) <1 may give us a linear recurring
relation.
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1. Ifl; < sgl) and ls < séd) then d = 3 and fA[U], = 0.
2. Ifl; < sgl) and ly > séd) then f{[U], = 0.
3. Ifly = 551) and ly > séd) then f(l)[U]l =0 or f(d)[U]l =0.
4. Ifly > s then fFOU), = 0.
Theorem 3.7. In the setting of General Assumption [3.1) we have:

1. If 1 = (1,t — 1) then there exist f € F} such that LP(f) < 1 for which
flU): =0, except in the following cases:

(a) d =2, sgl) =1, sgz) =t and the implementation is doing under the
lexicographic ordering (X1 > Xa).

(b) d=2, s =(2,0), 2 < t=2s2.
If the implementation is doing under the lexicographic ordering then
I1#(1,1).

(c) d=3, sV =(2,0), t = sém + 353).

2. Ifl=(t—1,1) and t > 2 then there exist f € F} such that LP(f) <1 for
which f[U]; =0, except in the following cases:

(a) d =2, sgl) =t, 552) =1 and the implementation is doing under the
inverse graded ordering (X2 > X1).

(b) d=2, s® = (0,2), t = 2s'V.
(c) d=3, 53 =(0,2), t = sgl) + s:(f).

Proof. Again, by Lemma and since S(t) satisfies the [-condition or the g-
condition, we may assume that 2 < d < 3. Set A = A(ul+1). We shall proceed
by considering cases. Note that [1,ly # 0 implies t > 2; besides, it always
happen that 5(11) + sgd) -1 <A

We shall only proof the theorem for | = (1,¢ — 1). The proof for the other
pair is analogous. We proceed by analyzing the first two cases considered in the
proof of Theorem

CASE 1. Suppose that 1 =1 < 55”. Then we have that t—1 > séd) because
sgl) + séd) < t+ 1. In this case, f(V[U]; = 0 by convention in Definition

Case 1(A). If s¥ =t — 1 =1, then as s{") + ¢ — 1 < ¢+ 1 then s{" < 2,
so that s(ll) =2,2<d<3and sgl) + séd) =1+ 1; that is, there are already ¢
points of A(u!) on the axes.

Case 1(A)(I). If d = 2 then, having in mind that A(u!) must be a rectangle,
we have that 352) = 1=, =t—1, because we already have t points on the axes
and sgl) = 2 (note that sgl)sg) < sgl) + sgz)); so that ¢t = 2 and [ = (1,1). If
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fPU]11) # 0 then, as (1,1) — s = (1,0) € A(u!) there are no contribution
with a new point to A.

Later, we shall see that the values s) = (0,1),1 = (1,1) and d = 2 cannot be
reached when one is implementing the BMSa under the lexicographic ordering.

In case we are implementing the BMSa under the graded ordering we will see
that there are not any problem so we cannot guarantee that f(2) U],y =0.
This case is Item 1(b) of this theorem for t = 2.

Case 1(A)(II). Suppose that d = 3; so that s2) = (1, 1) must be a defining
point (otherwise |A(u!)| > t) and then s < 1. Even f®[U]; # 0, as | —
52 = (0,t — 2) € A(u!), because s©3) = (0,t — 1), there are no any problem or
contradiction. Also, if f3)[U]; # 0 then I — s3) = (1,0) € A(ul).

So, for sV = (2,0), s = (1,1), s = (0, — 1) and I = (1, — 1) under
any of the orders considered we cannot guarantee that f()[U]; = 0, for any
of ¢ = 2,3. This case will be in another one that we will see later to form the
Item 1(c) of this theorem.

Case 1(B). Suppose that sgd) < ly =t—1 (Note that t > 2). If f(D[U], #0
then I — s(@ = (L, t—1-— sgd)) € A and it does not belong to any of the axes.

If, moreover, t — 1 > 25(d) then the point s(? also belong to A so we have that

t> Al > s(l) + séd) -1- séd) =t+ sgl) — 1 >t, because sgl) > 2, which is
impossible. So, it must happen that t — 1 < 2séd) and so, as it may be s(¥ ¢ A
then t > |A| >t + sgl) — 2, which forces sgl) = 2.

Case 1(B)(I). If d = 2, we have that t — 1 < 25é2) < t (since sgl) > 1,
then 25 = |A(u!)| < t), from which the equality holds, and 5(11) = 2 by
the paragraph above. Then [ — s(® = (1,£ — 1) € A(u') and so, we cannot
guarantee that f(?)[U]; = 0. This is Item 1(b) of this theorem for ¢ > 2.

Case 1(B)(II). Let d = 3. If I > s{¥ + s and fO[U], # 0 for i = 2,3
(note that s < l) again, the point 5(3) becomes an element of A, so, as
(I, t—1— (3)) (0, s ) € A, we have that |A]| > s QN 1—553)4-1 =1+1,
which is impossible; so that f([U]; = 0 for some i € {2,3}.

Otherwise, suppose that I < 8(2) + sé ) then we do not have to add more
points to A, so |A| < t. Hence, we cannot guarantee that f()[U]; = 0, for
any of ¢t = 2, 3.

We note that this case contains that considered in Case 1(A)(II) (except
for the fact that, before, s(2) = (1, 1)) to form the Item 1(c) of this theorem,
including I, = sé ). In this case, we have that t —1 < 5(2) + 3(3) < t, from which
the equality holds.

CASE 2. Suppose that [} = s1 ; so that, s M) — 1 and so d = 2.

Case 2(A). If 522) =t then |[A(u!)| = t and fP[U]; = 0 by convention in
Definition If fO[U]; # 0 we have that I — s € A(u!) and, as this does
not imply any increasing of |A|. As above, later, we shall see that the values
s = (1,0) (so d = 2), s = (0,t) and | = (1,# — 1) cannot be reached when
one is implementing the BMSa under the graded ordering.
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So, we cannot guarantee that f(l)[U i = 0, under the lexicographic or-
dering. This is Item 1(a) of this theorem.

Case 2(B). Suppose that sg) <t—1and fOU]; #0 for i = 1,2. Then
I —sM = (0,t —1) € A and so, it has already ¢ points by counting only the
points in the axes; however, [ — s(2) = (1,1 — S(Qd)) € A, and it is not a point in
any of the axes, giving us a contradiction. Hence fM[U]; = 0 or fP[U]; = 0.

We begin by seeing that the values of the parameters involved in Statement
1(a) of this theorem cannot be reached when the implementation of the BMSa
is doing under the inverse graded ordering. Let s() = (1,0) (so d = 2), s?) =
(0,t) and I = (1,t — 1). By the description of the BMSa [3, Algorithm 1, p.
272], we know that there is the polynomial g and a pair I’ <7 [ such that
I'—LP(g™M) = (0,t—1) which is a corner point (Remark. This means that
I,—LP(¢gM)y =t—1. If LP(gM)y > 1, by Lemmawe have (0,t) < 1’, which
is impossible because it is the largest point on the diagonal, so that [ <z I’. If
LP(g")y = 0 then LP(g™M); > 1; so that I} > 1 and I} = t — 1 contradicting
the fact that I’ <7 .

Now we are going to see that the values of the parameters involved in
Statement 1(b) of this theorem, with | = (1,1) cannot be reached when the
implementation of the BMSa is doing under the lexicographic ordering. As
t = 2 and so s;d) = 1 then [ = (1,1). One may check that it must be
Fri,1y) = {X14b1, Xo + b}, for some by, bs € LL; so that [y £ sgl). (We note that
in case we are implementing the BMSa under the graded ordering, it must be
(2,0) <p (1,1) =1, and this does not get any contradiction.)

As we commented at the beginning of this proof, the argument for [ =
(t —1,1) is analogous. O

Remark 3.8. 1. By the proof of the theorem above, one may see that, when
the exception conditions do not hold, it is not possible to specify which
element or elements f € Fy satisfying LP(f) < 1 could give us a linear
recurring relation. We only know that there will be at most two elements
of Fy.

2. In the proof of the theorem above, we use the phrase “we cannot guaran-
tee that...”; however, in all cases, we have examples of tables (in which
we know all values) where, there are no recurring relations at “exception
steps™. One of them is the following example.

Example 3.9. Let us go back to Ezample [2.1); so that ¢ = 2, 11 = ro = 15,
L = Foa, with primitive root a € L, and t = 3. Our table is

1 a% a'? a® a® 0
a12 a3 ’U,(LQ)

a® ab

o7

a3

a5
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Then, if we implement the BMSa under the lexicographic ordering we have
(summarizing)

l FC AT G A(uTT
Initiation | {1} [ 0
(0,0) = | {X1,Xo} {1} (0,0}
0.1 > | (X, % 17 {1} {(0,0)}
(0,2) — The same The same | The same
{(0,0),
(0,8) = | {X1, X§ +a°X3 +a} {X2+a%} | (0,1),
(0,2)}
(0,4) — The same The same | The same
0,0)
{le 6 {( ’ )
(0,5) — X3+ aSX2 + a5 X + ab) {X2+at | (0,1),
(0,2)}
0,0)
{X1+aX2+a2, 6 {( s V)
(1,0) — X3+ abX2 + a5 X3 + af} {X2+a"} 28,37}
(1,1) — The same The same | The same

So, at the step | = (1,2) we are in the situation of Theorem[3.7]1(a). Then,
we try with the reverse graded ordering. (In fact, we know that u; 2y = 0 so

that f[U](l,Q) = all.)

l F C A(uTT) G A(ulFT)
Initiation | {1} 0
0,0 > (X, %] ) 0,0}
L0 > [ 1% +a? %) {1} {(0,0)}
(0,1) — {X1 +a'2, X5 +a%} {1} {(0,0)}
3,0)
(1,1) — | The same The same The same
(0,2)
(X3 4 a'2X2 + a0, " {(0,0),
(370)*> 6 {Xl +a } (170)7
X2 +a®} (2,0)}
(X3 +a'2X2 + alo, " {(0,0),
21 = Xo +a" X1 +al?} K+a™y g:g;}

Now, at step I = (1,2), Theorem tell us that f(z)[U](LQ) = 0. Then
0=wuqz2) + a7u(271) + a12u(171) = u(1,2) and we get the desired value.

Of course, changing orderings in the implementation of the BMSa does not
always work. The proposition below tell us how we may proceed to find the
minimal Groebner basis for A(U), when such change fails.

We recall that the BMSa contemplates two alternatives in order to apply the
Berlekamp procedure; namely Procedure 1 and Procedure 2 (see [3, Paragraph
II1.B, pp. 271-272] or [10, Theorem 1 and Theorem 2].

In Proposition [3.10} Proposition and Proposition [3.14] we mention some
unknown values (denoted by b and ¢). We refer the reader to Section here
we explain how to face the computation of these values.

Proposition 3.10. Take the setting of General Assumption with F; =
{fO DY and let ¢ € Gy, as in Remark such that g [uk)y, = v; #

14



0, with k; <t I, fori = 1,...,d — 1. By Remark [2.10, we may suppose that
supp(f) \ LP(f®) € A(u!). Suppose that we are implementing the BMSa
under the lexicographic ordering (X1 > X5 ).

1. Considerl = (1,t —1).

(a) Suppose we have that d = 2, s(Y) = (1,0) and s® = (0,t). Then
there is a value b € L such that the polynomial

b
by = f0 = 240

verifies that Gy = {hy, f®} is a Groebner basis for A(U).
(b) Suppose that following the BMSa we have that d = 2, sV = (2,0),
t= 28&2). Then there is a value b € L such that the polynomial

b
by = [ = 2y

verifies that G, = {?(1),hb} is a Groebner basis for A(U), where
?(1) is the final updating of V) through the steps (2,0),. .., 2,5 -
1),(3,0),...,(3,£ - 1).
(c) Suppose that following the BMSa we have that d = 3, sV = (2,0),
t = s + s
= 8y 2
There exists a list of values ¢,b, by, ..., b 2 | such that, setting b =
2

(b,bo, - b _,),

NON

b bn s(2>— n+1
hy :f(z) 71729(2) . Z o s (n+ )9(1)

v
n=0 1

and
he = f® - £40
c 0
verify that Gy, ) = {?(1), hb, he} is a Groebner basis for A(U), where
?(1) is the final updating of ) through k € {(2,0),...,(2,3&3) —
2
1),(3,0),...,(3,s% = 1)}.
2. Consider 1 = (t —1,1), with t > 2.

(a) Suppose that following the BMSa we have that d = 2, s2) = (0,2),
t= 28%1). Then there is a value b € L such that the polynomial

b
by = O = Zg

verifies that Gy = {hy, fP} is a Groebner basis for A(U).
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(b) Suppose that following the BMSa we have that d = 3, s©) = (0,2),

t = sgl) + 552). Then there is a list of values ¢, b, by, ..., bs<1)7(8(2>+1)
1 1

in 1L, such that, setting b = (b, bg, ..., bs(lL(S(z)H)), the polynomials
1 1
h., = f(2) _ ig(l)
c 0
b = fO_ L@
V2

S +1)

RCO RSN E) 1
_ Z an11 (n+s;7+1) 79(1)

v
n=0 1

verify that G, ¢y = { b, he, @)Y is a Groebner basis for A(U).

Proof. We will only see the case | = (1,& — 1) as the proof the other one is
analogous. By hypothesis we may denote A = A(u!Tt) = A(u!).

1(a). We set f(D[U]; = b, where it may be, even b = 0. For b # 0, by
hypothesis, we have that [—s(!) = (0,t—1) € A and hence it applies Procedure 1
of the BMSa. It is easy to check that, following the notation of Procedure 1
in [3, Paragraph IIL.B, pp. 271-272], ¢ = 1, j = 1; so that e = (0,0)and
hiw g = fO —LgM) = hy. If one has b = 0 then hy, = f1). Now let us
study possible updates for F;. By Theorem independently of any chosen
value b € L, for all k = (k1,k2) € S(¢), such that [ <je, k, then k1 > 2; so that,
k— LP(hy) ¢ A. As |A| = t, it must be hyp[U]r = 0. Then, we do not need to
make more tests for hy.

Now we would have to continue implementing the BMSa to f(? for all | <7
k = (ki,k2) € S(t). By definition of S(¢) it must be ko < t — 2 (eventually
ko = 0 is possible), and then s} £ k, so that fP[U], = 0, by convention in
Deﬁnition So, again, we do not need to make more tests for f(2) and hence
Gy = {hp, f?)} is a Groebner basis for A(U).

1(b). We follow Procedure 1 with ¢ = 2 and j = 1. Again, e = (0,0), so
that h e ,0) = f@ — 2gM = hy, and if one has b = 0 then h, = f@). Now let
us study possible updates for Fj .

As above, by Theorem independently of any chosen value b € L, for all
k = (k1,k2) € S(t), such that I <je; k, then k1 > 2; so that, k—LP(hy) € A. As
|A| = ¢, it must be hy[U]r = 0. Then, we do not need to make more tests for hy,.
Now, clearly k — s € A only if k = (2,0),...,(2, £ —1),(3,0),...,(3,£ — 1)
and in such places it may be updates, all of them under Procedure 1 of the
BMSa; otherwise k& — s(1) ¢ A and, as |A| = ¢, it must be fM[U]; = 0.

1(c). Weset fA[U]; = band fO)[U]; = ¢, where it may be, even b = ¢ = 0.
For b, ¢ # 0, by hypothesis, we have that [ — s e A(ul), for i = 2,3 and hence,
we apply in both cases Procedure 1 of the BMSa. If b # 0 then following, again,
the notation in [3, Paragraph IIL.B, pp. 271-272] one set ¢ = 2, 7 = 2 then
e = (0,0) and hje) 42 = @ — v%g(z) = hy. If one has ¢ # 0 then, again
under the notation mentioned previously, we set ¢ = 3, j = 1 then e = (0,0)
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and hye) g0) = f® - ﬁg(l) = he. If one has b= 0 or ¢ = 0 then hy = f® or
he = fO.

We consider possible updates. Let | <p k € S(t). First, setting k = (kq, k2),
since k1 > 2 we have that, s®® < k implies k — s® & A; so that it must
happen that h.[U]r = 0 and we do not have to compute such updates. For
ke {(2,0),..., (2,353) -1),(3,0),..., (3,352) — 1)} it may be updates for f(1),

=)
obtaining f .

Consider now hy = f2) — %9(2), constructed above. For those pairs k €
{(2, 552)), (2 2552) — 1)} it may be updates for hj. Let us study them. For
a:O7...,sé2) -1, set k, = (27s§2) +a).

For a = 0 and hy[U]x, = bo, since kg — LP(hy) € A we have to apply
Procedure 1 of the BMSa. In this case, one may check that, under the notation
in [3, Paragraph II1.B, pp. 271-272] one set ¢ = 2, j = 1 then e = (0,3(22) -1)
and by o) = hy — %Xzsézblg(l) = f@ g %XQSQ"H
bO = (ba bO)

Suppose we have constructed, for 0 < a < 352)—1 the vector b, = (b, bg, ..., bas)
and

g = hy,,, where

b - b s _(n 1)
h = £ _ 22 _ In xsa —(nt1) (1)
b, = [ 0! E:o — g

with LP(hp,) = 5@, and let ka1 = (2,55 +a+1). Set hp, [Ulk,,, = bas1-
If bgt1 # O then as kg1 — LP(hb,) € A we have to apply Procedure 1 of
the BMSa with ¢ = 2 and j = 1; then e = (07552) —(a+2)) and hpe) g =

s _(q
hp, — %Xf ( +2)g(1) = hp,.,- In case b,41 = 0 we get hy, = hy O

a

a+1"°

Proposition 3.11. Take the setting of General Assumption with F; =
{f@ . f DY and let g € Gy, as in Remark such that g [u¥],, = v; #
0, with k; <p I, fori =1,...,d — 1. By Remark we may suppose that
supp(fN\LP(f®) € A(ul) fori=1,...,d. Suppose we are implementing the
BMSa under the inverse graded ordering (Xo > X1 ).

1. Considerl = (1,t —1).

(a) Suppose that following the BMSa we have that d = 2, s() = (2,0),
t= 25&2). Then there is a value b € L such that the polynomial

b
hy = f® - ;g(l) €g

verifies that:

— (1)
i. Ift =2 and f(l) = — *j“‘”)g(l) is the updating of f™)

at the step k = (3,0) of the BMSa then G, = {?(1),hb} s a
Groebner basis for A(U).
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(b)

i. If t # 2 then Gy = {f(M), hy} is a Groebner basis for A(U).

Suppose that following the BMSa we have that d = 3, s(V) = (2,0),
t = 552) + 553), Then there is a list of values b, ¢, cg, . .. 1C (52 1)
2 2
in L, such that, setting c = (¢,cq,...,C.39_,.2 ), the polynomials
sy —(s3 +1)
h = -,
Vo
he = f(3) _ ig(l) _
U1

(3)_ (2
55V —(s5741)
@ (ns® i1 1
2: Cn X’;2 (ntsy " +1) g(z)

(Y
n=0 2

verify that G o) = {fD) hy, he} is a Groebner basis for A(U).

2. Consider l = (t —1,1), with t > 2.

(¢)

(b)

(¢)

Suppose that d = 2, sV = (¢,0) and s = (0,1). Then there is a
value b € L such that the polynomial

hy = £ — by
v
verifies the following: if ?(1) is the updating of fV) at the steps k =
(t,0),...,(2t — 1,0) of the BMSa then G, = {?(1), hy} is a Groebner
basis for A(U).
Suppose that following the BMSa we have that d = 2, s2) = (0,2),
t= 28&1). Then there is a value b € L such that the polynomial

b
hy = f) — ;g(l)

verifies that:

i. If t =2 it is covered in Item 1(a)i.

» _ ) _ r2) _ fPWas ) : @)
. Ift=4and {7 =f g\ is the updating of f

at the step k = (1,3) of the BMSa then G, = {hb,f@)} is a
Groebner basis for A(U).
iwi. If t > 4 then Gy = {hy, fP} is a Groebner basis for A(U).
Suppose that following the BMSa we have that d = 3, s3) = (0,2),
t= sgl)—l—s?). Then there is a list of values b, by, . .

in L, such that setting b = (b,bo,...,b ) _
1

00424916 CO

(S§2>+2)) and ¢ = (¢, cp)
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the polynomials

b
hy = f(l) _ ;29(2) _

51 = (s +2)

(S ) L

(Y
n=0 1

and B ‘o
he = f(2) _ 79(1) _ 79(2)
U1 (%)

verify that Gp.cy = {ho, hc,?(g)} is a Groebner basis for A(U), where
7(3) is the final updating of f) through the following steps:

i. At (t—2,2) in case s§2) <2.

ii. At (t —3,3) in case sg?’) <3.

iii. At (0,3) in caset =3 .

Proof. For the sake of completeness, here we will consider [ = (¢t—1, 1), which, in
fact, include more cases. By hypothesis we may denote A = A(u!*1) = A(u!).

2(a). We have that s < I: so we set fA[U]; = b. If b # 0, then, as
I — 5 € A we apply Procedure 1 with i = 2 and j = 1. Again, e = (0,0), so
that hye) 0 = @ — %g(l) = hp and if one has b = 0 then hy = f). Let us
see possible updatings.

Consider | <7 k = (k1,k2) € S(t). If | <r k <r (0,t) then, on the one hand
50 £ k so that fD[U], = 0 by convention in Deﬁnition on the other hand,
as k — s ¢ A we must have that hy[U]x = 0, because |A| = t.

If (0,t) <7 k then, for & € {(0,%),...,(0,2t —1)} there are not updates. For
ke {(t+1,0),...,(2t —1,0)} we have that LP(h;) £ k; however, k —s(1) € A
so it may be subsequent updates, all of them by applying Procedure 1 of the
BMSa, obtaining, finally, T(l) and so G, = {f(l),hb} is a Groebner basis for
A(D).

2(b). The case t = 2 has been considered in 1(a)i, so, we suppose t > 2.
We have that s2) £ 1 and sV < [; so we set fMD[U]; = b. If b # 0 then, as
1— s = (£ —1,1) € A we apply Procedure 1 with ¢ = 1 and j = 1. Again,
e = (0,0), so that hya ,a) = fo - %g(l) = hy and if one has b = 0 then
hy = f). Let us see possible updatings.

Consider, again, I <p k = (k1,k2) € S(t). If I <p k <p (0,t) then, for
LP(hy) = sV <k, as ko > 2 we must have (k1 — 5, ko) € A, so that hy[U]x = 0,
because |A| = ¢. On the other hand, k — s® € Aif ky = 2,3 and t — kp < L.
Let us study those conditions and recall that ¢ > 4.

If ko =2 thent—2 > %, so that k—s® ¢ A, If ky = 3, k—s®) € A implies
t—3 < L sothat ¢t < 6 (we recall that ¢ is even). If t = 4 then k—s(? = (1,1) € A
and so it may be updating for f(*) by applying Procedure 1 of the BMSa. In
this case, k = (1, 3).
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Suppose (0,t) <7 k. If k = (k1,0) with k; > ¢+ 1 then & — sV ¢ A and
s £ k. If k = (0, ky) with ky >t then s £k and k — s(2) ¢ A.

So, for t = 4 we have that k = (1, 3) is the last possible updating; hence
f@) = f@ — %g(l) form the Groebner basis G, = {hb7?(2)} for A(U).
As we have seen, if ¢ > 4 there are no more updatings so that G, = {hy, f(2)} is
a Groebner basis for A(U).

2(c). In this case, we have s() <1, s(2) <l and s®®) £1. Weset fV[U]; = b
and fA[U]; = ¢. If byc # 0 then, as [ — s(!) € A and I — s(?) € A we apply
Procedure 1 of the BMSa obtaining, h, = f() — %9(2) and h, = f) — ig(l).
Now we have to see possible updates for Fi 1 = {hy, he, f®}, with LP(hy) =
s and LP(h,) = s?.

As above, we consider | <7 k = (k1,k2) € S(t). Suppose that | <r k <rp
(t,0). For i = 1, it may happen that LP(s()) < k; however, as ky > 2 then
k—s1) & A, so there are no updates for hy,.

For i = 2, if s < k then k — s? € A implies that ks — 1 < 1; as
I <; k then ky = 2; so that k = (t —2,2). As k — s = (sgl) —2,1) we
must have sgl) -2< sgg) — 1, and then sgl) — 3(12) = 1. In this case, setting
he[Ul(t—2,2) = co (possibly with ¢ = 0), if ¢o # 0, the updating is h(. ) =
he — %9(2) = — v—clg(l) — %9(2)- If co = 0 then A, cp) = he-

For i = 3, we have that s©®) < k. Now, if k — s = (k;,ky — 2) € A then
ko —2<1,s0ky =23 Ifk=(t—22)—s3 € Athent—2< sgl), hence
s§2) <2 Ifk=(t—3,3) -5 € Athent—3< 552), hence 5(11) < 3. In these
cases it may be updates for f(3).

Suppose (0,t) <7 k. If k = (0, k) with ko >t then s¢) £ k, for i = 1,2 and
53 < k. In the last case, setting ky = t + n, for some n € N, if k — s®) € A
then t + n — 2 < 1; which means that n = 0 and ¢ = 3. This is the last step in
which it is possible to make a subsequent updating for f().

Suppose that k = (k1,0), with ky > t+1; say k; =t+n+ 1 with n € N. For
i=1,ifk—s® eAthen0<n< sgl) — 552) — 2. As in previous arguments,
by implementing Procedure 1 of the BMSa, we have that there are (unknown)

values by, ...,b_a) (2 _, such that, setting b = (b, bg,...,b_a) .2 ., ) we may
51 =8y =2 sy —(s;774+2)
form the polynomial
e = 0L
V2
(1) _( (2
sp —(s1+2)
B Z anlS(l1>,(n+s§2)+2) ig(l).
n=0 v
For i = 2,3 we have that s £ k, and this completes the proof. O

Now we shall consider the cases in which the unknown values are of the form
I =(0,l3) or I = (I1,0); that is, we deal with the cases 2a) and 2b) post the
General Assumption [3.1
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Lemma 3.12. Take the setting of General Assumption[3.1}
1. Ifly; =0 and t + séd) <y then fA[U], = 0.
2. Ifly=0 and t + sV <1y then fOU), = 0.

Proof. In Case 1, we have that LP(f(¥) <. If f(9[U],; # 0 then t < Iy —séd) <
Iy — séd) + sgl) < |A(u!*h)| < t, which is impossible.
Case 2 is completely analogous. O

Proposition 3.13. Tuake the setting of General Assumption [31}

1. If l=(0,t + séd) — 1) then there exists f € Fy such that f[U]; = 0; except
in the case s = (1,0) and d = 2.

2. Ifl=(t+ sgl) —1,0) then there exists f € F} such that f[U]; = 0; except
in the case s\¥ = (0,1) and d = 2.

Proof. Set A = A(u!*!) and let us see the first case, that is ly = ¢ + séd) -1
Then s(¥ < I. Suppose that f(D[U]; # 0. Asl— s = (0, — 1), to have
I — s ¢ A implies that s() = (1,0) and d = 2, because |A| < t. These are
possible values and for them we cannot guarantee that we have linear
recurring relations.

Note that in this case, it may happen that A(u') ¢ A and then we will have
to consider Procedure 2 of the BMSa too.

The other case is completely analogous. O

As in results for the case l1,ly # 0, we have again cases in which it is not
possible to infer the missing value u; and we will try an alternative way.

Proposition 3.14. Take the setting of General Assumption[3.1. Suppose d = 2
and g = g € Gy is such that g[U)x = v # 0, with k <7 | (see Remark @
We also may suppose that, for i € {1,...,d}, supp(f®)\ LP(f®) c A(u’) by
Remark [2.10.

1. Suppose that following the BMSa we have that d = 2, sV = (1,0) and

= (0, t—l—sg) —1). Then, there exists a list b, by, . . ., b, .2 _, of elements
°2

of L such that, setting b = (b,bo,...,b, = ), the polynomial
2

—s® b
T N
t—sf)—l @ 1
_ Z X;—(n+82 +1)ba 6f(2)
n=0

verifies that Gy, = {?(1), hv} is a Groebner basis for A(U), where
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(a) f(l) comes from to continue implementing the BMSa under the lex-
icographic ordering to fV) at k € {(1,0),...,(1,t — 1)} C S(t) by
applying, in any case, Procedure 1.

(b) f(l) = fO if we implement the BMSa under the inverse graded or-
dering.

2. Suppose that following the BMSa we have that d = 2, s = (0,1) and

1= (t—&—sgl) —1,0). Then, there exists a list b,bg,...,b, 1) | of elements
1

of L such that, setting b = (b,bo,...,b, ) ,), the polynomial
1

s b
R
v
t—s -1

- xt-rstV ey ) Ly
"
n=0

verifies that Gy, = {hp, f¥} is a Groebner basis for A(U).

Proof. We will only see the case in which I = (0,¢ + 3(22) — 1) as the proof the
other are analogous. We denote A = A(u!*!) and we set f)[U]; = b, where it
may be even b = 0. Supose that b # 0. Proposition [3.12]it must be d = 2.

In order to make the sets Fjy1, Gi+1 and to study subsequent updates we
have to consider two cases.

Case 1. Suppose that 52 = (0,¢). Then I — s € A(u') and so, we apply
Procedure 1 of the BMSa. Following, again [3| Paragraph IIL.B, pp. 271-272]
one set ¢ = 2, j = 1 then e = (0,0) and hie g0 = @ — %g = hy. Then
Fiy = {fM, h}, with LP(hy) = s?) and Gy = G;.

Now we begin by considering possible updates under the lexicographic or-
dering. If I <7 k = (k1,k2) € S(t) then k1 > 0 and hence ko < t so that
hy[U]x = 0, by convention in Definition [2.3] If k € {(1,0),...,(1,¢ — 1)} it may
happen that f(D[U], # 0 and we have then to apply Procedure 1 of the BMSa
obtaining some ?(1). If k1 > 1 then it must be fM[U], = 0 because I —s(1) ¢ A
and |A| = t. So, setting b = (b) we have that Gy, = {?(1), hp} is a Groebner
basis for A(U).

If, otherwise, we are implementing the BMSa under the graded order then
I = (0,2t — 1) is the last step, and we are finish; so, as f(l) = f) setting
b = (b) we have that G, = {f(!), hp} is a Groebner basis for A(U).

Case 2. We now suppose that ng) < t. Then [ — s® ¢ A(u!) and so,
A(u') ¢ A; moreover, (0,t —1) =1—52 € Aso S = (0,t) must be a defining
point (see Definition (,Qa) of A. Following [3, Paragraph III.B, pp. 271-272]
one may see that from all possible new defining points we may only get S = (0, t)
which corresponds to Case 4 of Procedure 2, so that our new polynomial will

_s®
be hy = hy) gy Then r = (0,t) and e = (0,0) so that hy = X, ™ f® — tg.
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Summarizing, we have Fjy; = {f(M), hy} with LP(hy) = (0,t) and Giyq =
{r@}.

We proceed to study possible updates. First, under the lexicographic order-
ing, for | <7 k = (k1,ks) € S(t) we consider k1 =0 and k; > 0.

If k1 = 0 then sV £ &k and so fV[U]; = 0 by definition. As LP(hy) < k we
have to see the case with some detail. For k = (0, + s(2)) we set hy[U]x = bo.
If by # 0, as k — LP(hy) € A we apply Procedure 1 of the BMSa with ¢ = 2

(@
and j = 1 from which € = (0,¢ — s5” — 1) and hp ) = hy — 22X "2 TV @),
Note that, if bp = 0 we simply get hy, = h,). By continuing inductively,
as in the proof of Proposition 1.c, we arrive to Fiq ) = {fMD hp} and
G(l,o) = {f(Q)}-

If k1 > 0 (that is (1,0) =< k), then hp[U]x = 0, because LP(hy) £ k. Next,
we consider k = (1,0),..., (1, —1) together with s(). In this case s(') < k and
k— s e A so that any subsequent updating for f(!) must be done by aplying
Procedure 1 of the BMSa, obtaining again s(1) as defining point. Let us denote
by ?(1) the final updating over the mentioned list of pairs. Finally, if k; > 1 or
ks >t we have that k — s(!) & A so that f(l)[U];C = 0, because |A| = ¢. Hence,
Gp = {?(1), hp} is a Groebner basis for A(U).

Consider now | <1 k = (k1,k2) € S(t) under the reverse graded ordering.
Then k1 = 0 or k1 >t + s® > 0. Let us begin by considering k; > 0. In this
case, ky = 0, so that LP(hy) £ k and k — s®) ¢ A, so that there are no any
possible updating.

If ky = 0 then sV £ k and so f(V[U], = 0 by convention in Deﬁnition
As LP(hy) = k we proceed as in the case of the lexicographic ordering. For
k= (0,t+ 5(2)) we set hp[U]x = bo. If by # 0, as k — LP(hy) € A we apply
Procedure 1 of the BMSa with ¢ = 2 and j = 1 from which e = (0, t—séz)—l) and

— §(2) . .
bbby = ho — %OX; (&2 +1)f(2). Note that, if by = 0 we simply get hy = h p,)-
Again, as in the proof of Proposition .1.c, we arrive to F(y ) = {fO hyp}
and G(1,9) = {f?}. O

3.1. The final procedure.

Once it has constructed Gy, or Gy, ¢, we have to find the concrete values of b
and c. To do this, there are not shortcuts.

The only way is the trial and error method, by constructing for each element
or vectors of elements of L the error polynomial, say ey, or ey . and checking if
one obtains all known values of U (see the following example). As we have a
few missing values, by [3, Corollaries 34, 35] we may be sure that there is only
one correct value or pair of values.

Example 3.15. We continue working with Ezample [2.1); that is ¢ = 2, r1 =
ro = 15, so that L = Fas. We have an abelian code C' in Fo(15,15) with defining

set Do (C) = Q(0,0) UQ(0,1) UQ(0,3) UQ(0,5)UQ(L,0)UQ(3,0)UQ(5,0) U

23



Q(1,1)UQ(2,1), with respect to some o € R.

As we comment, by results in [Z], the strong apparent distance of C is
sd*(C) =8, so we set t = 3.

A polynomial f € Fy(15,15) was received and we compute the syndrome
values over Do (C). We write, again, for T = (0,0) the values corresponding to

S(3).

1 ab a'? a® a 0
CL12 (13 U(l,g)
a® ab
U= o7
a3
ad

We recall that the value u(; oy is missing because (1,2) & Do (C). Now we
implement the BMSa under the lexicographic ordering and we arrive at step | =
(1,2) with F(1 5y = {X1+aXs+a?, X3+a°X5+a°Xy40a°}, G(10) = {X2+aC},
kl = (0, 3) and (X2 + aG)[u(O’?’)](OB) =a.

As LP(f®) £ (1,2) then we have linear recurrence relation by definition.

On the other hand, LP(fM) < (1,2) and we see that the situation corre-
sponds to Theorem (1.a). Then we apply Propositz'on (1.a); so that, we
set

b b
hy = [+ g = X + (a - a) X + (a® + a®b).
and 50 Gy = {hy, fP} will be our Groebner basis.
Now we have to find b € L such that, following the notation at the beginning
of this section, e, (™) = u,, for alln € S(t) \ {(1,2)}.

b= 0. Here, Gy is a reduced Groebner basis for the ideal (GoU{X]* —1, X352 —1}),
s0 e = X' X8 + X{X) + X1X3. The first element in S(t), for which
equality fails is (2,1), with eg (a(2’1)) =a #£ad8 = U(2,1)-

b= a. Here, G, is a reduced Groebner basis for the ideal (G,U{X{'—1, X352 —1}),
50 e = X3 X3+ X19X5 + X{3X3. The first element in S(t), for which
equality fails is, again, (2,1), with e, (a(g’l)) =a"#a8 = U(2,1)-

we continue in this way, until

b=a'l. Here, Gy is a reduced Groebner basis for the ideal (Gyi U {X]* —
1, X352 —1}), s0 equn = X{4X3 + X2X§ + X1 X3 In this case, egu (™) =
uy, for alln € S(t)\ {(1,2)}.

Then, we may assert that the error polynomial is e = X{*X3 + X2X§ +
X1X3; s0, we decide that the word sent was e + f.
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3.2. FExamples

We finish with some examples that showing exceptions in Theorem In
all examples bellow we write, for | € S(t), the set F; = {fl(l), e fl(d’)} (recall
that F(g0) = {1} by our General Assumption .

Example 3.16. We set ¢ =2, 1y = ro = 15, so that L = Faa. For 7 = (1,0)
we have

110 1 1
1

_ o O =
— = O

=== O

and suppose that the missing value is u 1.

We arrive at | = (3,1) with Fz1) = {a* + 2y + L,y> + y + 1}, Gz =
{zy+x+1}, ky = (2,2) and gV [uF]y, = 1. In this case, f((32)1)[U](371) =0 by
convention.

From here, we have the exception appeared in Theorem 2(1)) in the case
of lexicographic ordering. In fact f((?},)1)[U](3’1) =1.

Example 3.17. We set g =2, 1y =ry = 15, so that L = Fou.
We shall implement the BMSa over

1 a? a* b a® ot
a2 @2 1
9 3
a a
8(3): al4
a3
0

under both of the orders considered.
We consider two cases:

1. The missing value is u(y 2).
2. The missing value is u( 1)-

We begin with the lexicographic ordering.

We arrive at 1 = (1,2) with Fq o) = {(X2+d"X 1 +a'% Xo+a®, Xy Xo+a® X, +
a?Xo+a®, X3 +a°Xy +a°}, G o) = {Xo+0a* X1 +a"?}, by = ko = (1,1) and
gD k), = a'?, fori=1,2.

Then we have

1. f((f’)z)[U](172) = 0 by convention, f((f,)Q)[U}(lz) =a* and f(f,)z) [Ul1,2) = a.
From here, we have the exception appeared in Theorem.l(c) in the case
of lexicographic ordering.
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2. f(21)1)[ ey = 1, f(22)1)[ li21) = 1 and f12)[ la,2) = 0 by convention.

From here, we have the exception appeared in Theorem .2(c) in the case
of lexicographic ordering.

Now, we implement the BMSa under the inverse graded ordering and we

arrive at l = (2 1) with F(2 1) = ={X?+d"X; + alOXQ +a®, X1Xo+ a3 X, +
2X2 + a X2 + (ZGXQ +a } G(12 1) = {XQ + a X1 + a12} ]fl = kg (1, ].)
and g [uF)y,, = a'3, fori=1,2.

Then we have

1. f((Ql)l)[U](gJ) =1 and f(22) Ul = a®. From here, we have the exception

1)
appeared in Theorem [3.7.2(c) in the case of graded ordering.

2. f 1.2) Ula,2) = a and f(f)z Ula,2) = a. From here, we have the exception

appeared in Theorem |[3.7.1(c) in the case of graded ordering.

References

1]
2]

Berlekamp, E.; Algebraic Coding Theory, McGraw-Hill, 1968.

J.J. Bernal, D.H. Bueno-Carrefio, J.J. Simén, Apparent distance and a no-
tion of BCH multivariate codes. IEEE Transactions on Information Theory,
62(2) (2016), 655-668.

J.J. Bernal, J.J. Simén, A new approach to the Berlekamp-Massey-Sakata
Algorithm. Improving Locator Decoding. IEEE Transactions on Informa-
tion Theory, 67(1) (2021), 268-281.

R.E. Blahut, Decoding of cyclic codes and codes on curves. In W.C. Huff-
man and V. Pless (Eds.), Handbook of Coding Theory. Vol. II, 1569-1633,
1998.

D. A. Cox, J. Little, D. O’Shea, Ideals, Varieties, and Algorithms. Springer,
Heidelberg, 1998.

D. A. Cox, J. Little, D. O’shea. Using algebraic geometry (2nd Edition).
Vol. 185. Springer Science & Business Media, 2006.

Massey, J., Shift-register synthesis and BCH decoding, IEEE Transactions
on Information Theory, IT-15 (1), 1227127, 1969.

I. M. Rubio, M. Sweelder, C. Heegard, Finding a Grobner Basis for the Ideal
of Recurrence Relations on m-Dimensional Periodic Arrays, 12th Interna-
tional Conference on Finite Fields and Their Applications, Contemporary
Developments in Finite Fields and Applications, World Scientific, 2016, pp.
296-320.

26



[9]

K. Saints, C. Heegard, Algebraic-Geometric Codes and Multidimesional
Cyclic Codes: A Unified Theory and Algorithms for Decoding Using
Grobuer basis, IEEE Transactions on Information Theory 41 (6) (1995)
1733-1751.

S. Sakata, Finding a minimal set of linear recurring relations capable of
generating a given finite two-dimensional array, J. Symbolic Computation,
5 (1988), pp. 321-337.

S. Sakata, The BMS Algorithm and Decoding of AG Codes, in M. Sala et
al. (eds) Grobner basis, Coding, and Cryptography. Springer-Verlag, 2010.

S. Sakata, The BMS Algorithm, in M. Sala et al. (eds) Grobner basis,
Coding, and Cryptography. Springer-Verlag, 2010.

27



	Introduction.
	Basic notions
	A brief description of the BMSa and a termination condition.
	Sufficient conditions to find Groebner basis for (U).

	Locator decoding.

	Inference of values.
	The final procedure.
	Examples


